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> Hements of oeometty.
\V} 7

Metric S?aces
A metric spoe (X,d) is ov set X with o metic d: XxX —IR
}\Ow'mg the %“ow’:na, Pr’oPer'ﬁes :

O deey) 2o, VxyeX 4 dlxy=o i ==y

Q) dbyy) = d0yx)

G) dix,z) € <|(7c,3) +dly,2).

Isometvies
Let (K, dx), (1, dy) : metric spaces.
A Punckon £: X=X is on " isometry "
R bUeCﬁve % cl\( (“}(1),‘('\(33\ = Jx(X,:j).

The sef
Isom(X) := [+ X=X | £ s on sometry]
forms o Yroup Lohose  Opercdn is the a:mPos‘rﬁon.

Lsom(Q) con be ofiven & topology , tohich s colled the * CompoCt — cpen
Topelogy L Iris the \’°Polog on Lsom(X) ohese Subbosis consists of
the sets of +he 'pclow'm%_ -&rm :

S(C,W) = (e Tml) : $(QcOUT

C: e Compact S(»Bsfaces of Xy U:on ©Open swbset- o X .

- Tsom() is both o oL ond O 'tbrologicol Sposce.
Geodesics
A maop ‘P" t&,bj — X '3 CQ“ecl Q. “tae_ode_s,]c sg%me,ﬂ— «

it £:lab] — £([ok]) s on somewy.
Ge dOE,P0) = Is-t] ,VYstelod ).



Amop £:R—=K s & " qeodesic
1 &> dor each AER, there e S, E€R with S<=x<t
such thot | e s o 9@&5‘1c segmar)'.

\Volume
e (X,Ab 15 & metric sfmce with o meosure IUL, then for ench
meosuroble subxr A &R X 3 the voume of A s

Yol( A) = /A(A) = J;ﬂ—d.flt.

Curvoture

The definifron of curvottues involves some technicol hetions Cbm‘ma from
R\emnn"an e,ome:h*y 3 and &  will nor be qiven here.

Bcétcd(\/, ¥ (X, d) is oo Remonnion manifld 5 then 'H'\E Cwry oture
meosures how much X s bent ot eoch Poud’



° Mo&el S?cxces. (E",Sh, H").

L. The Eudideon Sptxce E"

E* is the set R'= {(x,--,2) [ xeR} tesycther with fhe metric

c((x,n) = [x-yl = ( i (')tz.-"jz,\l)i
for X= (1, , Xa) 3= (U.,---,ﬂ,\\ < R".

TSometries
T‘fp\col exomples of isometies of E" o os Rllows:
) Tronslotens @ &+ aes E" y ﬁe“'\'ro.r\slo:ﬁon“ Te : E'—E
|a7 O is the mOp  Yiven ly
Te)= x+a , & xef"

@\ Ori'kogono.l trons®rmoiens an or\'kugorml tronsBrmation is o
[ineor ttons®rmofion A: E"—E" preserving dst ProJuds ) Ve
Ax - Ay = -y for rYs E" /.

Adua“x/, the obove two exo\mples con bwild every element of Tsom (E").
Fbr EVer7 'PG ISOM(E“) 3 ‘Jhete Owve Lm'l'}ue or'l'hoaono.l hans-l\nrmo.ﬁon
A:E">E" ond on elemet 0.€ B Sudh thot
POA= Ax + o £ x<=E".
(A" ﬁ\e or-H\o%ov\ml Po.ri’ 015 "}' / T_& : 'H\e +l’<1ns|o:ﬁon por+ o‘l'\ 'P)
This  Shouos that
ISom(E") = O(r\) x E" (lwemeama-rh'ls'n\-

( '(l — (‘H\e or#oamal POM‘ of 'P 3 1“\2- ]'rw\slocﬁon FQH- of ‘P) )

Here OC"\) = I A l A Is on or#\oabl\o;l fro«nslz}vmo.ﬂon E'.—'JEn 7{



geoJeS:lCS

The <aeodes'n(5 o E" ore Sh'oi:ah{' [ihes *
)= toot+b , telk
for some 0,be E* wih oo .

\_/B‘lmes.
The volumes of (meosuroble ) Sbsets of E” qre 3‘.ven by their

Le Besgue meosures.

vaoccwc S

E" s octuely o Riemonnicn moniPold ] od the curvoture of E"
ot each of s pairts S Zero .



]]: . T[\e SP)\ere Sh

For ne 1,2, ; the srl\ere Q" is the =t

x€

n _ n¥l 9—_ - =
S" = '( x e R l [xI|™ = x-x L—ja @\
N]

whose metic d s ?i\/en l’)’

cl(x,n) i=  the ancgle betuoeen the unit vecters zY
— -\ x-Y = -\ ,1(]
- W) - oS (1‘3)%[0 )
T sometries

Note 'H\od- 'dl A R™ — \KM ; then

dCAAY) = cos CAr: Ay = s (o y) § &yl
Se ori—ko-gor\tx\ trans®rmodtions ore isometries o S"
(O € Tsem(S")
Tndeed, (e hove Isom(S")= OCn+1).

GemJes‘lcs .

Eoch ?]eodes'\c Y: R -3 s ob 'H\e R
V&)= (cost) o + (mint) b, E<R
for ome Pixed o,be S" such thet 0-b=o.
—2  eoch geocles‘uc o SN s a grea’r crcle of S7




VO(\M'BS .

The volumes of sSubsets o S" s c;ometeA Vio. Ca dno.n%e of

Coordinates.
Le(- ?'. [o,'ll:]n~|>< EO,‘ZJ'C-] ) Sm k/ H\e MOop 33\/2" |7
%(9‘\, "’/en) = ('L,,"', xm\—.) whem
1' = CQSQ\
Xa= Sih@, Cos Bo

Xy = sSmbB, Snb. cos G

'Ih = S\ﬂel 51“91 i S'm9n—| CASG’V\
L = SinDisnby - SnQ,. sinBn.

Fr o (meus..raue\) subset X of I ; the vdlune H X 1S 3'(\/2:\ 57

Vol (X) = j‘;ﬂmg.n""o. Sn™ s - SnBar 401~ dBn.

I A= Alobe) s o triongle in I with angles o,bh,c, thn
Vol(4) = otbtc—

Cond-mc
" is o Riemonnion monidold ond i+ hos oo constont Curvature , which is 1.




L. H\/?erbol'zc Space H".

De'Pme c. bilincar form on IKM‘ loy
ey = Ky + Kyt + I.\U,\—x,m'jm.
L x= (%) 2ew) Y=Y, Ywu) € R .
° (5 Colled the "Llorentzica inner Pre&ucr".

The h\/Per'Lo"lc Space H" s

Hh s Ty made R | Ko x = =1, X > 0]

™
| , Whose metric s oyiven by
7Qn d(x_,\j) = cosh™ ( —xolj) |
iL Ly < H"™.
%
Tsometries

We howe ISom(Hn) = PO(n, 1)
i= LA R™ =R | A is linear,
A< °Ay =Koy ,VX,U-'(

= {Ae NG ,R) | ATTA=TY

4
H)R ()

moitrices

where :r = l "



Qeodesics
EOCh %QDJQQ.(C ‘{ : R —’H“ is Q‘P 'I“\g ‘Qrﬂ\

Y&) = (cosh £) oo + (sinh ) b
P some Pixed &,befK"H with oea=-1, beb=|,
oeb=0.

y Eodh Beodes'.c is obioined by irde'secﬁn}
H® with oo 2- dimensional Subspoce of
R™.

o
o

Volumes
The |\~/rer bolic volume Con be obtoined 177 o. ch ange of coordnotes
os in the Srkerc -

TR:, volume of o trianqle A= Alosb,e) s g'me.n Iy
Vol(A) = m-(o+b+c).

CWV%HC;
H" also has o constost curvoture, ond i+ is —I.



Two mog{e(s o-p H".

lee D'= {(z, -, ) | "E€--tx> <,

B = [ @, 2w) | 22 4% <\

We con Cor\S'lc{er i'ke. %"ow’m? Lﬂed-'wns

G) - . Jef

xnﬂ=
, XaH =

it

Tke b'jecﬁor\s Hn—vD", H™ — RB" mokes D", B" mesric Spaces

which ore  sometric = H".

-”\e resu\fﬁn? k7perbd}c 5’>oces Dn, Bn Ore CO-"t& 'ch l'Ftro\')ecﬁ've A'lsk
model (= Beltrom: —Klein model) " ’ " conBrmal disk model (Poincard disk

tnof.lel )n -
]

A




e Mour\'l'Po US N

without boundory

Fol 1col Spowce is Colled on " n— dimensenal monifold "

\Jl\' the o oq(owwa cmuirhons Ore met.

() M s Second countoble , Housdor 48 .

() tor each K€M, dheir is ore open Swbsets UcHM ) VclR® L»'rl'}\ xe ()
ond o. homeomorphism F: U=V

I} M is oo connected
2 — dimensional monifbll without bound

— oy, then M s called o "sSw face" .

TF M is o compoct mondld without
bNA!\AOJ'\/, 'H\en 14 s 30:1& o L'e,
“Clos'enl“-

Nste thot R" can be r‘eplacec{ by
" o H".

Clossificotion of closed sur Poces.

X = 3 (N* ronk (Hlt).

L=o

Ever7 C_(osecl Sur-(-\ace IS l'lomeomoryhc o One oP- i't\e -Mlowm%
M| xe | M x| B X ()

S| o !T".—: @ o RP"': \

T#T —2 | RP*# RP* S
f#ﬁ#ﬁ —y | RP*# RP*H# RP* | -




° E(e.omemc Structures on Mon\-{}o(cls.

Le(- M on n—monidld without bounclwy.
Lt X be one o E", S",H".

A “X—' C‘\Qﬂ'“ (“\',U) 1S O homeomorPklsm ‘P'- U'ﬂ ‘P(U) such 'H\Od' U: cpen
in H, ‘P(U"- open n K.
We will soy thot twe chorts $0), V) ore "X-— COMPM-'uHe"

i the mop 947 FlUOV) — gunv) s o restiction of on
'\Scmetr\/ K — X

let A be o collection oft
chorts of M.

A is on (X, Tsom®)) odlns”

i-P (1) the domoins o chorts in A

......... — Gver M
',’ :| “;\“ :' (U nv) "' \“ . )
; I“'RU’\V)': :‘% // } (2) EO\Ck PQ"' O‘p dﬂr"’; in *_ ore
. L ee” ) X = composible.
Ve X
‘p(U) c X ?

It A s 3‘(ven, then there is o mowimol (X,Isom()ﬂ))—od'(&s ® on M
such thet A< &

§ is called o Ewclideon (re? sp}gv\co.l y [\YPevbol'cc)
Strwctre on M F Y= E" (res?. K= ", X=H" )? ond
(H,E] is colled 6. BEuclideon Cresp SPkev'ncol, R/Pa-bol'.c) moniold .

In gererol , given o mandbld H, it is not eosy to Show thot M odmits
Such Situctures.

The Po"ow‘mg -H\eorem 3'1\::3 . hecessory Condition .



e The Qowmss— Bonnet thesrem. (Oppl'lcaﬂon)

Theorem (Gowss — Bomnet ).

let M be o closed swfoce , which is olso o Riemamnion monifbld  with
Curvotue K: M—IR . Then we hove

dA = M).
j‘M‘k 2x X /

Now , SuPPose ﬂ\ai- M aJm‘ds O Euc('n cleou\ (t‘esp. SP)\er'-Co.l, k”erloohc)
Structve .

— M is oo Riemannion montbld with constont Curvotre K=o

Cresp. L, —1).

- 1 XM) = j‘MxJA= % Vol (M)

Ln Porﬁm\ar, we have KM)=o (resl;. KM >0, XM)<o).

-ﬂ\ere-Qm , e see thodt
0 & XM >o, then M on odmdt onk/ Spl\er'zco.( Stractuares.
G XM=o, then M on odmit only Euclideon  structures.
Gi) ®  XM<o / then M con odmit onk/ l'\yrerbohc Stractures.



o Orbet Spoces / S'lJe—Fo.'(r'm%.

Lei- X Leoneop En,S",H".
let G be o SlAbgrbuP of Tsem(X).
For xe X, the "G—orbit " Gx of % is the set
Gx = 1 3% | 9=G1. - {@=x [xeXt hm a porsition of Y.

T,\e 'orln+ Spoce " s H\e ‘z_uo‘herd' space

X/6 = {Gx | x= X},

Exomple
Lt G = tT(j,e) . E"E" l JeZ}

- G is on Ih'erlz C\(cllc S\ALgrou\P o-‘! Isem (B™).
The orbit spoce E" /G s hommorPh.c to S'x R.

T, ) @ Taa &)
T(-u) (‘1-1 x To,e (x)

e

= E/6&.

oomoa ]

Theorem
Llet X = E",S" or H" ’ ond let r be o d'lscrelt SIAL‘amuP of ISOM(X\

which octs on X -P-ree\7
=> the orbit Spoce X/T s on n-mondld which odmits oo (X, Tson (X))

Structre So thot the projection is & locol isomerry.



Side Pqirir\%_

Ler us consider the Simplest cose - M= T2
Recoll that T?* is obtoined by the fallowing identi ficotion :

L
77

| | g @ TL
5
1L g

We view T2 in o slightly differen way .

Lt A= [o,17" C E*,

Cons'lc]er '\‘lle. -&u.r 'ISOH\CW‘IQS %|= T(\(o\ y %1= T(—l,b) ’ %3'—‘ T(O;l), 3§=T(°/")-
of E*

%N let [ be the Subgrouf of  Tsom(E?) genemie-l by

3‘/%1/ %3,%@.
%A A ‘3|(M = r= iT(m,n) \ M/neZ} (g ZL>~
() = [ is o discrete Sh’t?-nwf of Tsom (F?)
Ccting freely on E*.
=% The orbit Space E*/ hos o Eudidean structure.
Noe thot E*/T & TZ,
Tz odmrts o Fuwclideon Structwe .

The obow hckn‘-}ue s colled usiJe-Fodring“. The ideo is Suwwarized /
seneralized os Lllows

Q)] Find o POIYE"" P in (= En, S o H") Snch that we con
obtoin the desired closed surface M vie identiPicotion.
Let Sy Se be the nges (=sds ) o P.
@) Find Isi 7 Is, € Lom 00 much thot
Q) ?s:,—‘ = js.: for eoch pair  St,S;  which we wont 1 g(ue tonether.
G) Pn g4 = Su



let [ be the stsa\ouP of IM(X) generodei ‘77 %s‘, /33,
Then we hove the -Pollown resukt.

Theorem &ﬂ:ose thot \' sofishies the -Po(low'm? condition :
Fr each ‘90(61] XEP) Consder Its orbit Pn = in P.
— Wrire. P Te= Tz, -, et Then O8GL)+-+ 8(x)=2x%.
I} ks conditon \s sofisPied for ench x€P, then the

-~ 60 r‘eml{-m%_ orbit Space X/ s l\omeomrph:c v M and odmits

the deometic Stuctwe % thot the omp osition Peos X2XT
is o local isometry.

Exomple
a) Ld— ok S“—bs be 'I'ke m\'hPoJoJ mop - ()= —x .

= [=1d,xt is o discrer wb?""‘f’ of Tsom(SV) = O(nt)-
Note thet S"/T = RP"

'RP'\ odmits o Spl\er‘ucoj Struclure

Q). ler M= T*# -# T (n—fmes, n22) .
— M is homeomori)k:c to ‘fhe -Q:llou’mg °‘,wl-'|en'l' SPoce .

The sum of the (Eudlidean) on?le
f 3" X8= br + 2K, s

e cmsnder the %llow.n'-a 'l-n—?cm
homeemorehc 1o ﬂ\e obove '-l-n—*aon

We con seole P in H* (= Bl)
/{ So H\od' the sum of On}les is

AWH:« ‘H\e obove Side —pmnn} Process 177' ‘P’melmg, o\mePnod-c iSometries
%s, ) %Sl‘..\ ¢, e conclude thot M O.dmrl's o ;\YPe'bollc sttndure .
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