Clna?’reyig Simplrces.
Vbﬁ‘n’m%n.[ﬁeommﬁml(g T néeyauclenﬂ .

Given o set Yo, MY of Fu’n’& of RY, thie sot © il 1o be
geometﬁm"é TnJeFenclevd’ T'\: for oug ven!| .

N
2 ti=o wd =0 ply f=ti= s tao.

=5 =0

o epialently, o ~ao, -, An—tlo dre ealy wlependent.

beﬁﬁlfon o n 'ST\MF(exl
Lp_-(- \gao(“,an?r be. o 8@0%@”& ’W\Jeyeneleht set n H{V
Ve%\e, ‘(‘he V\—sTmPlex T 4o be Hhe set 0\1 all Fo'(‘n'ts y( OFR”

sudr\ *M W

J(=¥'t;av , heve i‘_i}=1 md 2o fwal T

Y ] ‘ Z ‘m\é,&mf{c coodrates. . oF £

E(amﬁe).
0 —STmplex : o vertex.
L-swplex & Ime segert.
D\PSWHQK: o 'h&y\gle,.
b—srm(;lexi & tetalhedwon .
VQQTrﬁw @

The peite Go,n that sph ¢ ore alled the vertices ot the wumber h colled .
0 dmenson of §.

/5m<£\ <fndex Spaned by & Subset
lomnt fon v *sdf e colled he proper Loces . oF @ theTr uion © call
of ¢ dewsed by Bds.

The wterr of ¢ & defned \% Inps = s-Bds,

of fao.---,ov.‘( s caled a Loce 0?65*‘\&—@&6 o‘\:G
ed the \ocunc\ag



} Chw N STMP\I’JM Complaxes

Vefitong [Splecial complex].

/A siilecial complex K RY 6 a cdlecten oF Splices ™ K-

g e °E/€1g Loce ofF O\Sx‘m{alexog Koe <.

* The mesestion of vl o STpleces £ K ' a face of each eF them.

EacamP@
/ >|<1 ﬁ ‘ ; f <}v
K Ka .
K Grtion v \:Suba:mp{ex]
T L= a sibollesion ofF K that covaime al faces of Tie clewots & s alled
(Y Eubasmv(a)& ot K.
One. atbcomox o K @ the colleeton of all st‘mt;lroa of K of dimension ot wmost P

& © aled the P—skeﬂekov\ o K deveted \"A Kq’)‘
Then . K are called verices of K.

Veffiviong IUndekng space]

Let [K| derote the wsiton of he sTm(ylc‘oes & K.

Giing each cmple of K T wrwal topology ¢ a alspace. oF R

‘fbpolg’lze (K1 by &e,dqr‘ﬁg o cuboet A oF K| to e cbsed ® K[ Fand onl(qg Yoo
Aot T cloced @ g,for all ¢ @ K

The fopo[chcul space \K| & alled the wdelpg spoe of K, or te poliope of K.

Viofiaiion g [Star , Clesed stor, |mk]

T 9 & a wtex of K. the sov off v @ K | devoted b% Stv, ® the wion ofF the Werore
ot these s‘rmt)lrces of K that has v as a verdex.

Tts C{QSME,AC{QV\CTEA )og Fv .5 adled the deced star of v wm K.

The Lmk of v K, devoted ‘oé Lkt , © deftned bg Lky = Stv = Stv |

e P
e

i




Chapmbm/éhs«tm Splicial Complexes

VQCWO"HMBSM Smplféfa( chylex]‘
An obetract <tnplicial complex. & @ collction ¢S of e, vor-ewty sets,
SQch that T A& © an elemett of S @ © cveny vonempty - Sulset of /& .

The elemet A = called a S of Sy e dwencin T (41— L
Each ronewpty aloset o 4 & alled o face of 4.

Tﬁe, dmencion of S © the \agest &rmev@wt o'(l HS s’(‘mF(&st>0r T winte.
The vartex st Vof S T the wion of ofle. bttt elemerts of S

/& subedlloction of S that =& Blf a comk;lex & caled o Subcomy(ex f S .

%ﬁnﬁohaww Sdneme:l ‘

K o S\‘MF(cha\ C@MP\ex,\d V Ve the \ertex set o K.

Let K be e collecion of ol subeds $0o. G of V. such “that

fa, ot span & Swplex of K The collection W T called the vertex scheme of K

Feiiion z[&m@:\ﬁc reafizzdion|
IF the obstmet s‘mp\i&al Gsmt;{ex S T Bomorpic with he vertex scheme of the
gm(?('ﬂa complex K, we all K a Jromehic veal@tion of S |

B@mp\e,\.
S 1o the collecin of T £.d7, fabidd, Thoeds, fediet, Yacieq fae ]
Ok(org with thetr honemp'(g leets .

Vs

K e +he STMF[fdal comly(ex (;Tdrmi - 41}
Ve

W deyote the verdex <cheme of I, N
(2%

Vo
T(“eh, < \/°S =y \/K. is Tsom\rkh?sm.j.e., IR a 3@!»1&’«(, vealtzadion UFQS

— T
— Vg
—> Y
> Vs
— VYq

— Vg

> ropnNo S



%ﬁmwﬂ-ake\\%l

Goen o Site complex L, a \abdlmg of verfies of L. ® a Qljed"ve—-'@mﬁon%

Mapig e vertex set of L to a set called the ser of labek,

CDMF"“&T% to thie la‘bo_llrvg, T an obstract coMplex S shese verices e the labels .

Ley K be a éoowe:tﬁc vealzation of oS

Then  +the vertex map Lom L 4o K? tduced kg—? adends 5 a sifective ap .

31 ILi— ki

;@@, sy K & the ccmtylex dofiel fom the labelled cmplex i ng the. gccocmted pesting map.

Exmfle.
die  n
_) ~ \<
/DN + (&
G = c d
|5
b 4

b} b o a
Iy b () 0
~p
A e
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e d
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Chopter 4 5 Reviess of /Abeltan G»oufs.

be-@%nalﬁw‘;l
4 qroup B A st (@ wth @ ){mg Okwﬁd&) on (% saﬁegwg -?o((wu’ng Condition .
“For ol abice@, arhixc=oxihro ‘

+ Thoe exids on elemot e e & anch tat,
Lor ev@g ARG, ey = Ay Q=0

° or each o\eG(,-tjnv)ra oXcts an elenent b e & such that
atb=ec | bxa=e; b ® wighe ; R s caled the mverse of @

Jeliitin g /& belon geapl.

® Gz a gup od Broal abek, a+b=bta, then
@ & cad 4o be commitetve .ond & called obelin gwup.
Me @mmbng use additiie. wottion for abelun ém'?'

Vifiton y [Free seln arup ]
61 avekan gronp G B e R hea bass
ot B, § thee eftk a —Famfg fgf(dej o clements of G auch thot,

Qo\»eachge& an be prtten un?%uplg 0s G e sum §=%mgd with o €Z.

bé%ﬁ'rﬁoﬂ.ﬂ"lonmwp‘ﬁsm for 6mu§7s1
/4 \ﬂommoth’zsvn B A mp¢.bmw tooo groue (CHRAR

?Q(Q(vtcli\ = cf><9(>*'¢g) for ol 9(.566{'. (Fmsemvg the oreraﬁous\

(&, %), such that.

eiion i EKWMVIW&Q}
et & be o vamoY‘Fl\ZsM.—Rom Gt &

Koy & := {ge& l<{>(g)=e',é S Eéwtrg of G

Ing = e & ge & 1

Further &e%(&?ons such os subgrbu‘a) nowmal ;Fo\do‘r éyouF ae onttet Me,Sﬁ\Cg thexe
maanT§ e ot thar Tmportat here. .

Plece. vefor 1o "algdora” B the furher Womafors.




CL‘QFWY ™ Hovno\tg% Gt\rou()s :

beg?\'ﬁ?on- (Orfarted st F[@(_]‘

let § be a S‘(mp\ex. Deline. o ovclej{vgs £ he vertex set to be eéw‘ualem

t 'H"% dffer Gom one another \9((1 an  ewven ?evw,(taﬁoq_

¥ dmero, the ovrim?gs o the verfices of « hen fall oo fwo e@aﬂalwca closses .

Each of thece clasces & adlled a ofentation of &

e <hal vse the sgm\»o( Y_’Vov“.”‘;l o denote orierted s?mp(a&.

E(om‘/)e)
Va
V1 Vs
v o ii ji 3
Vo A v, Ve V4
Wo , 2] We, Vo .77 We V3 V2 WL
V&Qﬁ'ﬂfm [g = cVaTV\]

let K be a a’mﬁﬁa\ C,omY(ex./é F—draTn m K ® a findin ¢ Fom the set of ?—g“mpln’ces o= K

1o he Tmév.vs, such +hat:

- e@=~CCY e ae o\oposfte, orertatons of the same sTvn\;lex,

¢ c@=0 o all but -Smeg many oftented ?-sﬁnpl(ces 5

e defre on adddion of f—d«ums ng aiclﬁg thetr walues s the. msu\ﬁ% gmu(; © deveted bgq,(k
md @ clled g\'ou/F of F—da'(‘ns of K. IF p<o o 2% dmK e coSHer CFCK) S Walém{:.

%‘Mg[ﬁ%@ﬂd& dw’nl
IC % an oeted smpex, the. elemex‘rag chim ¢ CoWes‘yowng by B the fueton defined

0 follwe : - csy=1
ccesS=-1 , T ¢ & the oppeite  odentation of o.

- c(t)=10 , othermise.
We il use the sgm‘no\ s 1o dewote ngt ovxg orlented si‘va\ex‘ bt aleo elemenfmg F—dmﬁ'\.
Nt thie  conventon, T'=-0.



Lemmo)
CpK) & free alelon, o base for Cp() con be olbtiied W% orferrting each F«-sﬁnf-\ex

And usi%g the comsrondrvg e(emamvg chains 2o \octs .
Hoof) Once all the \e«&vnp((@s of K are ortented akbﬂm)"(g,each - chaTr\ con e wrtten
m&ueﬁ e

c= In\ v

The chaw ¢ mps w1 to vr and all ofented P*SW{;\TC@ not awemg mthe sm to 0.

Nete)
Th&@w? GK) dffes fiom the othes < Shcer O s&mp(ex has ong one. orfentation |

Thus, GColK) hee o vawal basis.

VQQ‘V\M. EBOun Jag oFemtoa
Tefre a homormorphtan Iy ! CP(K\—eCP.L(K) alled +he \oamiag ovemfov- as follows
LIRS e (odie).  wkh pyo, then 9T = = i) Doy B vl

=0

Sce CF(K)=0 ~for p<o, op © the twvial \r\owovw(vasm “for p<o.

Lewma)

Op e well —defred 5 Sp(—TY= =3 ©

hnoﬁl:rtsag{qa\{os}\oaa‘th&\' )'P:_C 1)‘[v,~\ SR cbg%cgh"@mmdn\ge,ma&m
V@"r(% IV\ EU"\ Y .1 .

For T#7.71, Th teme iffer kéa%n

B =104, o e B Vg s 34 fodar T AT (L N TS N

_e
= i)lr_ Ve "j-m Vg S+ - o™ [-- Vs Vgt 1;5 «\;‘“’-u’_\ = arEv"v"""’&*iNj\“prl




Leymma )
3P—1 ° ék’ =0.

M) ar—i"ép EUQ‘»“"Ut;lg i(— 1)‘. (;)P_LY'@M.\."(;.‘ ‘.‘.|va]

Jos 3 g X (s
= T s L, «?x,---l+j>>__c—1>‘<—_«.§ E- b, U1 =0,
l<‘ \

be:cﬂhon, Ef Qeles / p- beund wies |
The kewe\ of o Cptk) = Cpalk) & ealled the groukv of p- %de.s and  denoted l% ZF(K)

’Wm w%p_ ot c%—yc‘m(l()—?C?(K\ & colled *h&(cgrour of F’bam&mos and  dencted \Va Ep

| ernmo)
Bp(K) © @ nowal QA%WF . Zp(K).

o). I & suffigent o pove et Byplk) & Zy(K) L Siee Cp(K) = obelian,

Suppese. that  ce BpK) B some p-cham c.

Then, there & d @ Guatl) such that Spud=c.5 ac= Sp~dpnd = 0 by the peceeémé lemin
Fey c= Kew?? =ZF(K)'

MPWOY\‘THO‘MA% gwﬂ' -?
H () — ZP(K)/BP(K) & called the pth homlogy qeup of K.
|
amp\e)
| H;L(K)"
E_(:he—l

&=

s
&\(8 €5 Ae. w(L) ‘

) HaL) =




V&Qnmonn[cavg]
/A chain ¢ & cosvied b% 0 .subcomrfex L of K ® ¢ has wlie 0 on every swplrees. not @ L

Vepn?ﬁon. I_Homdo ous]
Teoo p- chais ¢, ¢’ ore lnorno(ogous fc-c'= a},ﬁi {or some. de CPu(K)

In ParhaAlwr, \'&: C= OYnel G & homo{gms 1t ZBro (or c bounds .

Exmnple\ L e

ko
Gven o 4-chim ¢.T Ts kom\oéous o o chim that ©® cared bg the subcwplex M of M.



ChaFwy bm Homo%g Jrows ot some. Surfaces |

bcﬁn'(ﬁon n ESWFML] :
/& arface & a Hauglorfp Spee with 0 Countade  bueTs, each port of volich hee o naghbv%ooé
that % homommPWc with on open sbset of R

Ne ghall compirte the \somo\% of Compnc surfaces  Tows | Klems bettle | erxed@e. V\awe_.
that can e congtucted Gom mdangle_ L bg posfﬁg fle eAges awro(ﬂatd%.

| ovima)

let | be the covnFlex whose. uvx&gxg('vg Space e mcmvg?—‘

Let Bdl  devore the ch@w& whose. wée»l(\sﬁé spca"@*‘\f’— ﬂ@%@ | &
Eouwlag of mci’ug\e.

Ortent cach 2-splzes & of i \og o Counterclockistse . /oW =
Ortenrt ifSYmglm ayJoTva’lg,‘Then:

mEfag 1-gycle ov e homdgws to & i—%cle caled. by BdL.
DI { © & 2-dam of L wmd i od & aned by Bdl then d B A mu\ﬁﬁe ot D;WT.

BosD. @ = easy. B~ &, § (e same edge T common, Hhen 54 et have 0 on Hhe alge e.
B Lllowe thet d nust he the some valie on each §¢ .Te, d= F'ITJGT.
SOR %‘\’h& previious exam?le) Gion o, A= chan e ol 15 hm\dgous o & A-cham C4

Coled by the &b@MFlex %@

Siibly o bl o 0 d-chim o el by e b o
¥ cts & cyele sthen G ako @ céjc(a. =
Tt folws that Ca must be coried by BAL for ettensee aC+ 0. =

V3




|

“Theoem)
lot T dose the com‘iex \’E,\p‘resg,d'e:l by the loloelle d Yedagﬂ(a | 3etts un&ug\”vg Space &
Towms, Then: Hy(M = Z2xZ , H(T) = 2.
Offent each a—smlices of L comterclockisise 3 Use the Trduced efantztion of the 2—Stmplices of T
Lﬁ' X;—SFGT Hfor each a»stmwces o

M= Ta b1+ bl +e.al

Zi= dd+ TWiel+ e al,
“Then, T geretes Ho (D | w4 aid 24 repregent 4 bacis for HiCT,

“\ \) < (o}
e 7
i
i ~ e
5 7l et pap ~ T
) cSRE
'\ b c a :

Froh Lot g -1 be the pasiiiq mar s et A= g(\EAL\)‘.TBen /6 T honesnerphic o wagw("

two civdes . b a

Ortert 1—@«‘7\1’% m%ﬂm?lé '

Stnce. < offects ohg oni pllae pm@edt‘g lemma QFHA verbatin .

(.L)Evgyg :\.—c&de_ a l'omo\oéous t o :&r%da aied b%/ér |

D d7e o 2-cham of T and F o & cnied bg/&.’v’nen d= py for some pez.

However 400 fivther vecults bold @ T, _
OF c® & d-gee of T caded By A dheq © T of the fom noatmza  n.mez,

€ oy =0.
) © eas% She 4 ® the a;ecge_ of two <ivcles.
K Jy = 320}_ St axch sﬁu{)(\'ces Sor e@mﬁe @bl appears T o6 with \abee - L and

M ¥% with +1 5o that O} has value 0 on 1,b1
USTg these Yesults, compite the &o‘molw o T.
Euaé& :L—gde of Tx bewo\gou_s fo a &-gde of the form nwstmza, Lg ) ().
Such a %de bounds ong P % © tal; for £ c=d forcome de G, then b(tg@
d= P L) s }g@') c=2od= Ty = FéX:O-TIw% HoM=z2 zxZ ond wa, ze fom a
basis.
Note thar by @ oty 2-gcle dof T must be of the dom Py By @, each such 2-chan
€ a cgdz. Stee. there ae. no —cloms Jor & to bound | HL.CT)~ Z oand Yy © 8@,,6@0(_




“Theorem)
ler K denote the (,anF\ex ve%wesemeA ‘c% the  lobelled redﬂ\al& Ls e W\&agﬁg Shace TS
Kle’s bettle . Then: Hy(K)~ Z"Z/az wd HalkK)=0.
Lot h =Tl Tbrel + T ad

1= Tad7+ Wed+ e,al
“Then, 2z, vepreserts toreien clewent, and s represents o qereator of HiK )z
o = 8

&
o : ()
_—

7é
(2 Q:d S i
5

2K,

LS b ¢ I

Roofd Lzeéalu = K\ be the pactig vap et /é:=5(lBJLI>‘> s before, it T the wedge of two

rdes .

Drent i'.sm\p(rcqs ofF K as befoe: let v -ST;TT‘

D¥tent .L—STmPl'fCes O\%M%

Nste that @), hold.

Because A © the wulcc}& of two cirdes . @) holds as well.

However; @ & &ffovent o 2y =274

€ oy =o st . T examFle,@«Blafrems T ATL it ke —L ad W a0 With £, while
R4T appeas T 3T, .and 5 Wit walue +L.

Us\‘»g these vesults Compute the lnomolég% of K.

Evo_g 1—%:&Q of K & honologoue to o %dv- of the fom nwetmze by @, ).

W c=3d for sme d eGu(K), then d=py lﬁ ®)3 hence &ul::ztzzljhus, nwe +mzs bounds

T'Faklong i m=2b  n=o.

Thus, Ha(K) e Z = Z/s

Note that % @ wy :L—cgd& d of K wust be of the fom Fr_;s\‘nce, py & M a %de, kg@

>H1(K) =0,




Ch&{:fer Vo Zevo — ArmensToml Humolg&

Ne hae vist et comwtal. Zexo — dTiensional honeloqy Ho(K) Snce. vertex, 0-cimplex T
\s\'gktg Sfforet from  Diher stF(e)( (has only ome drvection )

Theorem)
Ler K be a Gomplex‘ Then +he goup H, (k) © free abdion I fuai @ @ colection a;nsrstt‘ba of

one vertex -from each component of K| | then the Momolgg classes o the chams Uy Tom A o
for HolKO. »

R Stepd) I v.w o vertices T K. ek us defme 4 velation vow F there B @& Sepiewce.
G On of verfices of I cuch that v=go, o= 0n and oy sl T @ 2~ Stlex of K for all T.
The relation T demg an epivlence  veloion.

Given v |, defie - Coi=3Stw lw~vv ]

We show thar Gy ore the components of? K],

Note ffet hat Cv & o\ven.ﬁﬁ{ermove_) H ve | then Co= &

Second , we show that Cv s ?asrl« Comected

Giien v, lex wov and L e Stw. Chonse o sepence Go,~.0n ; 05 before.

Then, F"E‘ﬁ”"“l \me pth Qo and ltes m Co; For Gin \;g defuwion o thar Stos < Cu.

In partadar, Wideel Vs w Go. Smlm{g\ e sgmem md \les ™ Stay < Co.

Hence, Co ® path  comected .

Tird, soe Shoty that  distinet sete Gv, G are defowt

Su\o\mse L& a pont of CoNCy  TThen s e Stw for some w eéw’m\em to v . and AeStw’ for some
&' epuivalert o v\ Stee oA hos posiile aricohic coordmates it Yespect to both 4 and w’,

Some. &'\Mylex of K has w and w’ as verices, Then, [w,w'l must be a - sTmF{p_xo?— K, sowww

T Lllows that vev’so that Cv=0C,
Bej'g Comeeted , open , and Jfﬂomf , Cy are he componerts of |\ .

Sfefﬂ) Now e proe Hhe theolem. Let fval be & collection of vertices Cmtm'i'l'\g one_ vertex. va
frem each conporent Cd of K\, Given o vertex w of K, T belongs to some. cortpopart of (K| say
Cy. Then, o~wi S0 there © & Sepuence Qo 'O of vertices gs Vrefore .

The 4 - chim [ at]+ -+ Tn-1.0n] has 0s s boumla\rg the. 0- i Ga— Qo = Va— W . Thus, the
0-chowm w & homologoue o the 0-chan v We oonclude hat exe_g 0-cham w K ® b\0\"'0[%0"45
to o e combmation of the ©=chams va.

[Oe now Show that no nomtuial chain of the fom =3 hdva bounds .

SuFPose, c=3d for ome 12— cham 4. Smee eoch y—s‘x‘ml}e}( of K lee m & uh‘(%{,(e_ CoMFOV\EWT
of K|, we an wite d= T di, where dy consists of these teme of d that ave caned by Ca.



Sthee 6d=%ada ad ody & awied bg Ca., we conclude that odu=hava.

It felloes that N =0 . For each % for let e Co(KY ™ Z be the homomor}a\'ﬁsm defined \ﬂéu
66\’3_—_1 .-@r eack '\Ie)rtp)( Vv O-‘l K"They] A &(BL’V'){A)])’: E(M"’V) =1 —1=O \‘S?OY aV% 1"%.\_“ Evlw'l
As a result, €(ad)= €(3-dda) = %g_@&d) = 2 £Nava) = f = 0.




S%Flememm Grepmetic Meavﬁg of Homdoéjgr Caroup for Compact Sirhee

/8560"‘ know | H,(K) & nuoer of Component o K|

Hoos abeu Ha(Q) and Ha(K)?

Strce 1—%Cle con be cocidaed gs closed cune cum‘g lme_, and \n@/g‘ factored \gg
BiCk) means that the rewhﬁg Céjde & not o bamimg of some st of awfae (2-cran),

N
X

I Qﬂde' moans  that the erfenbtions o{: each av-srm(p((ms an e m&eA to moke s
bounclag valie on each gAg@,Smcg, Ca(K)=0 , B H,(k)=0 then K & ror oventable

at all | eee K hae ofertable Comjponent

E‘avw?le.\

, cmnor be canceled et

Classtfiaxfin  of Conget & comectsd  Surfuces.

surfce | Ho 0O | Hax) | Ha00
SEl Z 0 5
BEREAR

Prbak| Z  |2x%,| ©
T Z 2z |, Z

&1 | 2z |zoze| Z

"mank ((jou *gr commTr&,



