Fuler-Maclaurin Summation Formula

Minsoo Kim*f

March 15, 2022

Abstract
B AEe 2R og 01*}”01 gt A4 A thE7]d o

2t} ShA et 4%3—L13‘§”} Hojete F49t 1o W TA 7} o‘E‘r“

AL 7Z(?7) 4 9lt}. Euler-Maclaurin °‘ TAL2 o] gt F At oo

AL Jrt. BREo| A= Euler- Maclaurin 2AS fEleln ol Hetos

A5 p-A T S F5h= W ol Faulhaber] 34128 ZH3tct.
Contents
1 Introduction 2

2 High school students’ recursive approach to the Faulhaber’s

formula 2
3 Bernoulli Numbers 3
4 Operators 3
5 Summation of series in terms of operator D 4
6 The Euler-Maclaurin summation formula 5
7 Faulhaber’s formula 5

8 The sum of the 4-th power of the first n positive integers: The

Euler-Maclaurin formula approach 6
9 Appendix: Some Bernoulli numbers 6
10 Appendix: The remainder term 7
*MIMIC

fSungkyunkwan University, Department of Physics, Suwon

1 sel gpAle ol el Hel7At.

2Johann Faulhaber (1631). Academia Algebrae - Darinnen die miraculosische Inventiones
zu den hochsten Cossen weiters continuirt und profitiert werden.



1 Introduction

Euler-Maclaurin summation formula gives an estimation of the sum Zi\;n f@)

in terms of the integral frfv f(x) dx and correction terms. It was discovered in-
dependently by Euler and Maclaurin. Leonhard Fuler discovered this formula
in 17353 to compute slowly converging infinite series* and Colin Maclaurin dis-
covered it in 17425 to use to calculate integrals.

2 High school students’ recursive approach to
the Faulhaber’s formula

Here, we only will consider the case p = 4. The cases p =1, p = 2, p = 3 are
considered familiar to everyone, so we will skip.
Using the binomial theorem, we find

(k+1)° = k° + 5k* + 10k® + 10k® + 5k + 1. (1)

We subtract k° from both hand sides to get following equation:
(k+1)° — k° = 5k* + 10k® + 10k* + 5k + 1. (2)

Put positive numbers from 1 to n in £ and sum each results:

(n+1)> —n® = 5n* + 1003 + 100 + 5n + 1
n®—(n—-1°=5n-D*+10n—-1>+10(n—-1)>+5n—1)+1

3 —2°=5.24+10-22+10-22+5-2' +1
2% _-1°=5-1*4+10-1°+10-12+5-1 +1

(n+1°—=1=5Y k*+10) K +10> K +5) k+n. (3)
k=1 k=1 k=1 k=1

We already know the formulae of Y-, k%, >°, k2, >, k. Substitute every sum(}")
to the closed formulae:

Skt = L o6, 250(m) - Su(m) - £ (4)
k=1

3L. Euler, ”Inventio summae cuiusque seriei ex dato termino generali (Finding the sum of
any series from a given general term),” Commentarii academiae scientiarum Petropolitanae
(Commentary of the St. Petersburg Scientist Academy), vol. 8, pp. 9-22, Oct. 1735.

4The series is now called as the Riemann zeta function, {(s). He was solving Basel problem
and justified the result with the approximated value which calculated with the Euler-Maclaurin
formula.

5C. Maclaurin, A Treatise on Fluxions, Edinburgh: T. W. and T. Ruddimans, 1742.



Here we denote Sp(n) :=>_7_, kP
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3 Bernoulli Numbers

The Bernoulli numbers B,, are rational numbers that can be defined as coeffi-
cients in the following power series expansion:

T > "
1" Z B”H (6)
n=0

These numbers are important in many fields of mathematics.

It is not easy to find the coefficients in the right hand side of equation 6 by
differentiation. However, it is easy to write Taylor series for the reciprocal of the
left hand side of equation 6:

o0 o0
e’ —1 1 x z? 3

I X
-y =1 iz 7
lek' kZ:OkJrl Tt ta 0

Thus, the Bernoulli numbers can be calculated in recurssive manner by equatin
to zero the coefficients at positive powers of x in the identity

2 3

r e'—1 r x T By ,
1= 1 —+ — By + B —
o1 » <+2+ +24+ >(0+ 1x+2x+ >

_ BO B1 2
—Bo+<2’0'+1'1')l‘+(3'0'+2'1'+1'2'>x + e (8)

From here, By =1, By = —1/2, By =1/6, B3 =0, By = —1/30, etc. Note that
B is the only non-zero Bernoulli number with an odd subscript.

4 Operators

If f(z) is a good function (hF ot A2t glo] vy} A&a AEsHA & +
Qltt= =), then the correspondence

d
flz) — fi(@) = —f(@) (9)
x
can be regarded as the operator of differentiation

. d
D =

== (10)



that acts on the function and transforms it into derivative. Also, given D, we
can naturally define the powers of the operator of differentiation

. A a d?
D*f(x) = D(Df(x)) = - f(x) (11)
or in general, i
D" = T (12)

Also, for good function g(z), we can define a function of the operator of differ-
entiation as following:

g(z) = Z anr" = g(ﬁ) = Z anD™. (13)
n=0 n=0
Let’s consider the exponential function of D:
N
— D _
T:=eP = ZO — (14)
n=

When we apply T to a good function f (),

@) =Y (Dns@) =Y LTS (15)

The last expression is just a Taylor series for f(z + 1). Thus,

Tf(a) = flz+1), (16)

and T can be regarded as the shift operator. For a positive integer n, shifting
by n can be considered as sthe result of operator T

Fla+n) = " f(a). (17)

A~

5 Summation of series in terms of operator D

We can now formally write®

S f+n)=fl@)+ fla+l)+ fl@+2)+--

n=0

= f(x) + Tf(x) + T f(x) + -
1 1

- (1+T+T2+---)f(x)zﬁf(m)= —5 /) (19)

Treating D as an ordinary variable, and using Bernoulli numbers, we obtain the
expression:

1 1 D 1 1. B, -
= =——[1-=D+) =D
1-el DeP—1 D 27 T ol
1 1 B,
- — = - Janl' 1
D+2 n! (19)

60f course, we can try a finite sum instead of the infinite sum.



It is natural to assume that D satisfies the relation
R D
D —=f(z))= Bf(x) = f(z). (20)

Therefore, % has to be an inverse operator to differentiation, that is integration.

= /f(m) dz + C. (21)

We need to fix an integration constant. As we see later, we obtain consistent
results, if

1 x
~ () = / f() da (22)

oo

Collecting the results together, we get

[e’e) oo 0 n—1
S sam= [ f@det i@ -3 @) @

| n—1
n=0 z n=2 nl dv

6 The Euler-Maclaurin summation formula

Equation 23 is the Euler-Maclaurin summation formula. It can be rewritten for
the case of a finite sum as following:

Zf Z fRy = > f(k)
k=n k=N+1

-Ero-Fror

/°° (@) o [ " o) do+ 00 = 37 + )
‘;F [dmn_lf(x)} +Z K [dfn — )L_N
_ / Y by dot 5 (FON) + f(m)

+3 D (D) FO D)) (24)

r=n

7 Faulhaber’s formula

Faulhaber’s formula, named after the early 17th century mathematician Johann
Faulhaber, expresses the sum of the p-th powers of the first n positive integers:

n
SR =17 420 40P (25)



Now, we will derive Faulhaber’s formula from the Euler-Maclaurin summation

formula. In this case, f(z) = aP.

k=1 k=0
:1P+2P++np
" n? < B; p! ;
= [ aPde+ —+Y —————nP !
/0 2 ; i' (p—i+1)!
nPtl o IS B p! ,
_ ~ = p—i+1 26
p+1+2 ;z' (p—i+ 1) (26)
(27)
We get following formulae:
- n? n  nm+1)
k= — 4 — =
5 + 5 5 (28)
k=1
= 3oon?2 12 D@2n+1
P Lt S} (20)
302 621! 6
k=1
" nt n® 1 3 n* 4+ 2n3 +n? n(n+1)\°
ot L9 s _ _ .
D 1 o T Eam 0 4 2 (30)
k=1

They are familiar formulae for high school students.

8 The sum of the 4-th power of the first n pos-
itive integers: The Euler-Maclaurin formula
approach

- n® nt 1 4l 1 4!
o 2 a2 aad
kZ:l 5 T2 T eaml” 30 411!
TL5 TL4 n3 n
., . n 31
5 * 2 3 30 (31)

We get the same result as before.

9 Appendix: Some Bernoulli numbers

For odd n, B,, = 0 except By = f%.

n | 0 1 2 4 6 8 10 12 14
1 1 1 1 1 5 691 7
Bo | V] =3 | 6| 30 | 3 | "3 | & | —2730 | &




10 Appendix: The remainder term

The remainder term arises because the integral is usually not exactly equal to
the sum. The formula may be derived by applying repeated integration by parts.
The size of the remainder term can be estimated as

2() (™ .0
where ( denotes the Riemann zeta function. This remainder term is valid when
p>1.




