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Abstract

7 is known as a familiar irrational number. However, in the high school
curriculum and undergraduate courses, we accept the fact that 7 is irra-
tional without any proof. In this article, we review the three proofs of Ivan
Niven, Lambert and Cartwright.
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1 Introduction

In 1761, Johann Heinrich Lambert! reported the first proof that the number 7
is irrational, in other words m cannot be expressed as a fraction §, where a and
b are both non-zero integers. In 1873, Charles Hermite?? found another proof
which only uses basic calculus. Three simplifications of Hermite’s proof are due
to Mary Cartwright, Ivan Niven*, and Nicolas Bourbaki®. Another proof, which
is a simplification of Lambert’s proof, is due to Miklés Laczkovich®. Many of
these are reductio ad absurdum.
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2 Ivan Niven’s proof
Lemma 2.1. lim,_ . % =0 forallzeR, neN

Proof. Note that Taylor series of e* = 3.°° £ By the ratio test,

n=0 n!
mn+1
lim DY) = =0
Therefore for any x € R, e” = Zf;o % converges, which means lim,, ‘% =0
for any = € R. O
Suppose that 7 is rational, such that m = ¢. (a,b € Z*, a,b are rel. prime.)

Definition 2.1. Let f € C?"*2 pe

@) = ——— (1)
where n € N.
Definition 2.2. Let F: R — R be
F(z) = f() = f"(2) =+ (=1)"f®" (@) (2)
where n € N.

In this section, f and F' are used as defined above.

Lemma 2.2. f(x) = f(m —x) for all x € R.

Proof.
fl) = x”(a; bx)" _ x"b”(i!— x)" _ (m— xT):(bx)"
bo::afaerx:afb(%—z) =a—b(r—x)
Fla) = (m— a:T)L'"(bx)” _ (m— x)”(a; b(m —x))™ T —
Therefore, f(x) = f(r — z) for all z € R. O

Also, since f(z) is a polynomial of degree 2n, f(z) can be expressed as

n _ b n
fla) = M T T

where ¢, € Z.

Lemma 2.3. F(0)+ F(m) € Z



Proof.

Claim 1) F(0) € Z.
It can be easily seen that
F(0) = £(0) = f7(0) = - + (=1)"f™(0).
by Eq. (2). Therefore, if f(*)(0) € Z for all k € N , F(0) € Z.

Case 1-1) For k < n,

Co C1 @
Fla) = Dan g Sgnit oy Cngon
n! n. n

f(k)(m) :Coxn_k+01l‘n+1_k+"'+Cn$2n_k’
where C; = %H§:1(n+i+1 —j) forie {0,1,2,--- ,n}and j € {1,2,--- , k}.

f(k) (0) — Coon—k + Clon-l-l—k NI Cn02n—k —0.

Therefore, if k < n, f*)(0) = 0.
Case 1-2) For n < k < 2n,
flx) = C*O,HJ" + cfl,:c”“ +ot C—’?x%

f(’“)(x):0+0+~--+%k!+%(k+1)!x+---

*) gy — Sk
f (0)—n!k!

Therefore, if n < k < 2n, f*) (0) = £kl € Z.
Case 1-3) For k > 2n,
Since deg f(z) = 2n, it is trivial that f*)(z) = 0. Therefore, if k > 2n, f*) (z) =
0¢cZ.
Summarizing the above discussion, it can be shown that f (k)(O) € Z for all
k € N and
0, if k <n,
F®0) = ¢ @kl ifn <k <2n,
0, if k> 2n.

Claim 2) F(r) € Z.

F(m) = f(m) = f"(m) =+ (=1)" fE (x).

Therefore, If f(*)(7) € Z for all k € N | F(r) € Z.
By lemma 2.2 and the chain rule,

fP () = () (r — ).
Substituting 7 to z in (2), we get
FB () = (=D F0(0). (3)
By Eq. (3) and the Claim 1, we get f*)(r) € Z for all k € N.



From both cases, we prove that

F(0) + F(r) € Z.

O
Lemma 2.4. F(0) 4 F(x) = [ f(z)sinxz da.
Proof. By Eq. (2),
F/(a) = (@) = 0@ + FO@) = -+ (<) e )
F(z) = f() = {f"(x) = fP(2) + fO @) = -+ (1) ()}
= f(z) = F"(x)
flz) = F(z) + F"(2). (4)
Multiply sinz on both sides of Eq. (4), we get
f(z)sinz = F(z)sinz + F"(z)sinz. (5)

When we integrate both sides of Eq. (5) over (0, ), we get the desired identity:
/07r f(z)sinzdz
= /OF F(x)sinzdr + /077 F"(z)sinzdz
= [-F(z)cosz]) + /OTr F'(x) cos xdz

+ [F'(z) sinz]y — / F'(z) cos xdx
0

= F(0) + F(m).
O
Theorem 2.5 (Niven’s Proof). 7 is irrational.
Proof. With some algebraic manipulations we get the following inequality.
(1 — z)bx = —b(x? — 72)
T\2 b’
-3
*T3) T
__b(x_z>2+aj<aj
- 2 4 = 4
By the above inequality, we can show that
0< (7 —a)(bx) < %
0 < (m— )™ (bx)™ < 1 (afw)")
n! n! \ 4
1 sam\™
0 < (7) . 6
<f@ < (% (6)



for x € (0, ).
For z € (0,7), 0 < sinx < 1. Using this fact with Eq. (6), this leads

aTm

0< f(z)sinx < % (Z)n7

0</07rf(x)sinxdx</07r:d (%)ndx: % (%)n

Let an, = 5 (%)n. We can see that

lim a, =0
n—o0
by lemma 2.1.
Hence, for sufficiently large n,
T oram\"
—(—) <1
n! ( 4 )

By two inequalities we stated above, we show that

O</Oﬁf(x)sinxdx<;;(czr>n<1. (7)

The Eq. (7) contradicts with lemma 2.3 and 2.4 because there is no integer
between 0 and 1. Therefore, 7 is irrational. O

3 Lambert’s proof
Definition 3.1. A finite continued fraction is an expression of the form
1
ap + )
a1 +
as +
2 1

oL
an

1

where ag € Rya € RY for k € {1,2,...,n}. The continued fraction is called
simple if ag,a1,...,an € Z.

Lemma 3.1. FEvery irrational number can be written as a infinite continued
fraction.

Proof.
Claim 1) Every finite simple continued fraction can be written as a rational
number.

We will prove it using mathematical induction. For n = 1, we have

1 apa 1
[UL();OM]:CLO"‘*:io1+ )
al al



which is rational. Now, we assume that for the positive integer k£ the simple
continued fraction [ag;ay,as,...,ax] is rational whenever ag € Z,a; € ZT for
i€{1,2,...,k}. Let agp € Z,a; € Z* for i € {1,2,...,k + 1}. Note that

1

[61;6127 cee 7ak;ak+1].

[ao; a1, - .- art1] = ag +

By the induction hypothesis, [a1;as,...,ar, ar+1] is rational; hence, there are
integers r and s, with s # 0, such that this continued fraction equals r/s. Then

1 aogr + s
lai;ag, ... 4, app1] = ap + — = )
/S T

which is again a rational number.

Claim 2) Every irrational number can be written as a infinite continued
fraction.

The contrapositive of Claim 1 is Claim 2. Therefore, every irrational number

can be written as a infinite continued fraction. O
T
Lemma 3.2. tan(z) = 5 ,
T
1—
3 i
72
5
7_

for x € R.



Proof. Using Maclaurin series, tanz can be expressed as

-3 5 7
sine TG+ EH -+
cos T _%f+%_%?+...
2 4 6
xT €T T
ozt aS x zt
l=Sr+T &+t - +T &+
2 x4 6
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T
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Repeating this procedure, we can prove that

tan(z) = )

for z € R. O
Lemma 3.3. If z is rational, tanx is irrational.

Proof. Take x = g, such that p,q € Z, p, q are rel. prime.

. tan(2) is an infinite continued fraction. Therefore, by Theorem 3.1, if x is a
rational number, tan x is irrational. O]

Theorem 3.4 (Lambert’s Proof). 7 is irrational.

Suppose that 7 is a rational number. Then, 7 is also a rational number. Put

x = 7 into tanw,

T
tan — = 1.
an4

However, it contradicts with lemma 3.3. Therefore, 7 is irrational.

4 Cartwright’s proof

Define I,, : R — Roas I,(z) = [*

integer.

L(1—=2%)" cos(xz)dz , where n is a non-negative

Lemma 4.1. Forn > 2, 2%1,,(z) = 2n(2n — 1)I,_1(x) — 4n(n — 1)1,,_2(z).



L2\n 1 1 o 2\n—1 o
(1—2%) sm(xz)} +/ 2nz(1 — z%)" *sin(zz) "
xr 1 1 X

In(x) = /1 (1 —2%)" cos(zz)dz = [

1 _ .2\n—1 g
:2n/ 2(1 — 2%) sm(xz)dz

1 X

—2n

[(1 — 22)n-1 cos(scz)] ! N 2n/1 {(1=2)"" —2(n — 1)22(1 = )"} cos(wz)

X 1 1'2

1
% /71{(1 = 24" —2(n = 1)22(1 — 2%)" 7%} cos(a2)d>
on !

2n(n—1) !
=— (1 — 22"t cos(xz)dz — M / 22%(1 — 2%)" 2 cos(z2)dz.
x 1 xr 1

_ 1
S () = i—ZIn,l(x) - % / 1 22(1 — 22)"2 cos(x2)dz.

On the other hand,

1 1
Iy 1(z) = I—o(x) = / (1 — 22"t cos(xz)dz — / (1 — 23" 2 cos(xz)dz

-1 -1

= /1 (1 —2%)""2(1 — 2% — 1) cos(x2)dz

1
= —/ 22(1 — 22)" 2 cos(x2)dz.

-1

(@) = 1@+ P 1)~ (o)
_ 2n(2n — 1)In71($) ~dn(n — 1)In,2(x).

Therefore, For n > 2, 2%1,,(x) = 2n(2n — 1)1, _1(x) — 4n(n — 1)1, _o(z). O
If J,(x) = 22" 11, (z), then this becomes
Jo(x) =2n(2n — 1)J,_1(x) — 4n(n — 1)a?J, _o(x).
for n > 2. Furthermore,
Jo(z) = 2sinx, Ji(x) = —4x cosz + 4sinx.

Lemma 4.2. Forn € Z*, J,(z) = n!(P,(x) cos 2+Q, () sin ), where Pp,(x), Qn ()
are polynomials of degree < n with integer coefficients (depending on n).

Proof. We will prove the statement by mathematical induction. For n = 0 and
n = 1, we already proved them previously. Now, we assume that for the positive
integers 1,2,...,k,

Ji(x) = k(P (x) cosz + Qi (x) sin x).



Note that

Jo(x) = 2n(2n — 1)J,_1(x) — 4n(n — 1)z J, _o(x).

Ji1(z) = 2(k +1)(2k + 1) Jp(2) — 4k(k + 1)2° Jp_1(2)

2(k+1)(2k + DEN(Pr(x) cosx + Qi () sinx)

— 4k (k + 1)2?(k — D)!(Pp_1(z) cos z + Qg1 (x)

= (k+ )Y (2(2k + 1) Py(x) — 42°P,_1(x)) cos =
+(2(2k + 1)Qx () — 42%Qp_1 (z)) sinz}.

sin x)

Let Ppy1 = 2(2k+1) Pr(z)—422 Pi_1 (), Q1 = 2(2k+1)Qu(2)—422Qp_1(z).
By the induction hypothesis, Py1(z), Qr+1 are polynomials of degree < n, and
with integer coefficients. Therefore, by mathematical induction, for all n € Z™T,

Jn(z) = n!(P,(x) cosz + Q,(z)sinx),

where P, (z), @, (z) are polynomials of degree < n, and with integer coefficients.
O

Theorem 4.3 (Cartwright’s Proof). m is irrational.

Suppose that 7 is rational. Then, 5 is also rational and can be expressed as

¢ such that a,b € Z*, a,b are rel. prime. Note that
2T () = n!(Pu(z) cos z + Q,(2) sin x). (8)

In (8), take x = .

(5" 8 (G) = (3):

2n+1

S (3) = ()

The right side is an integer, so is the left side. However, 0 < I, (g) < 2 since
for y € (—1,1),

0<(1-2%)"<1,0< cos <gy) <1

0 < (1—2%"cos (gy) <1

0< /11(1 — 2%)" cos (g;;) <2
0< 1 (5) =2

On the other hand,




Hence, for sufficiently large n,

i (5)

< 1.
n!

0<

That is, we could find an integer between 0 and 1. It contradicts with the
assumption that 7 is rational. Therefore, 7 is irrational.

11



