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Compressible Euler equation

{
∂tρ+ divx(ρu) = 0,

ρ∂tu + ρu · ▽xu + ▽xp = 0,
· · · (OE )

where ρ(t, x) : density at time t, position x

u(t, x) : velocity

p(t, x) : pressure.

ρ, p : Rd −→ R and u : Rd −→ Rd .

In d-dimension, the above equation consists of (d + 1) scalar
equations, and (d + 2) unknowns.
So, underdetermined.



Formal derivation

Assume : Solutions are C∞.

(1) Conservation law of mass under continuum assumption

: Let Ω be a open set with smooth boundary in R3.

Note that

d
dt

∫
Ω ρ dV = −

∫
∂Ω ρu · ν dS

where ν is the outward normal vector field of ∂Ω.

The left hand side means ’mass of fluid in Ω’.

The right hand side means ’flow of fluid in Ω’.



By Divergence Theorem,

RHS = −
∫
∂Ω divx(ρu) dV .

∴
∫
∂Ω ∂tρ+ divx(ρu) dV = 0

Since Ω is arbitrary smooth domain, this concludes

∂tρ+ divx(ρu) = 0.



(2) Conservation law of momentum

: Let x(t) = (x1(t), x2(t), x3(t)) be the ”particle trajectory”.
(i.e., the path followed by a fluid particle)

defined by x ′(t) = u(t, x(t)).

Then the acceleration equals x ′′(t) = ∂tu + u · ▽xu.

Define the linear operator D
Dt := ∂t + u · ▽x .

(In continuum mechanics, the material derivative describes the
time rate of change of some physical quantity (like heat or
momentum) of a material element that is subjected to a
space-and-time-dependent macroscopic velocity field.)



By Newton’s second law,

”force per unit volume = ρDu
Dt .”

We consider two types of forces : Surface force and Body force.

For an ideal fluid, there exists pressure p(t, x) such that

”force acting on Ω = −
∫
∂Ω pν dS .”

For the given body force f per unit mass,

”the body force acting on Ω =
∫
Ω ρf dV .”

In the same way above, applying Divergence Theorem, we get

ρDu
Dt + ▽xp = ρf .



Remark1){
f≡ 0 =⇒ (OE )2 is called ”conservation law of momentum”,

f ̸≡ 0 =⇒ (OE )2 is called ”balance law of momentum”,

Remark2)

(OE )2 ⇐⇒ ∂t(ρu) + divx(ρu ⊗ u) + ▽xp = 0.

∵ j-th component of ∂t(ρu) + divx(ρu ⊗ u)
= ∂t(ρui ) + ∂xj (ρuiuj)
= ui∂tρ+ ρ∂tui + ui∂xj (ρuj) + ρuj∂xjui
= ui (∂tρ+ ∂xj (ρuj)) + ρ(∂tui + uj∂xjui )
= ρ(∂tui + uj∂xjui ) (Apply (OE)1.)
= ρ(∂tui + u · ▽xui ).



After physical correction and supplementation, (OE) changes.
We call

(1) Incompressible Euler equation :
∂tρ+ divx(ρu) = 0,

ρ∂tu + ρu · ▽xu + ▽xp = 0,

divu = 0.

(2) Compressible Euler equation :
∂tρ+ divx(ρu) = 0,

ρ∂tu + ρu · ▽xu + ▽xp = 0,(
ρ
(
|u|2
2 + e

))
t
+ divx

((
ρ
(
|u|2+e

2

))
u
)
= 0.

where e(t, x) denotes a internal energy.
Note that if last equation of (2) is deleted, then we call
’isentropic(barotropic) C.E’.



Def 1) 1-dimensional Compressible Barotropic Euler
equation

{
vt − ux = 0, x ∈ R, t ≥ 0

ut + p(v)x = 0,
· · · (b)

with the Riemann initial data

(v(0, x), u(0, x))=

{
(v−, u−), x < 0

(v+, u+), x > 0.



Def 2) 1-dimensional Barotropic Navier Stokes Equation

{
vt − ux = 0, x ∈ R, t ≥ 0

ut + p(v)x = (µuxv )x ,
· · · (a)

where b > 0, γ > 1 and µ > 0 are constants and p(v) = bv−γ .

We set µ = 1 and b = 1.

This system is then endowed with initial values:{
(v(0, x), u(0, x)) = (v0(x), u0(x)), x ∈ R
(v0(x), u0(x)) −→ (v±, u±), as x −→ ±∞



We consider the solutions of above two equations

”in the weak sense”,

for example, (v , u) satisfies (b) if and only if

−
∫ +∞
−∞

∫ +∞
0 v ∂ϕ

∂t − u ∂ϕ
∂x dtdx = 0 and

−
∫ +∞
−∞

∫ +∞
0 u ∂ϕ

∂t + p(v)∂ϕ∂x dtdx = 0,

for all ϕ ∈ Cc(R+ × R).



Def3) Viscous Shock Wave

Let σ :=
√

− (p(v+)−p(vm)
(v+−vm)

.

From (a), consider the below ODE.
−σ(ṽS)′ − (ũS)′ = 0,

−σ(ũS)′ + (p(ṽS))′ = ( ũ
S

ṽS )
′

(ṽS , ũS)(−∞) = (v−, u−), (ṽS , ũS)(+∞) = (v+, u+)

For this solution ṽS and ũS , (ṽS(x − σt), ũS(x − σt)) is the
solution is a solution of (a).

This is called Viscous shock wave of (a).

The space which the above ODE has solution is S(v+, u+).
If (v−, u−) ∈ S(v+, u+), then there exists viscous shock wave.



Def4) Rarefaction Wave

Note that (b) ⇐⇒ v + A(v)vx = 0,

where v = (v , u) and A(v) =

(
0 −1

p′(v) 0

)
.

The eigen values of A(v) are λ1(v) = −
√

−p′(v)
and λ2(v) =

√
−p′(v).

At this time, the 1-rarefaction curve of (b) is defined by

R1(v+, u+) :=
{
(v , u) ∈ R2 : v < v+, u = u+ −

∫ v
v+

λ1(s)ds
}
.



In addtion, the 1-rarefaction wave (vr , ur ) of (b) is defined by

λ1(v
r (t, x)) :=


λ1(v−), x < λ1(v−)t
x
t , λ1(v−)t ≤ x ≤ λ1(v+)t

λ1(v+), x > λ1(v+)t

,

together with z1(v
r (t, x), ur (t, x)) = z1(v−, u−) = z1(v+, u+),

where z1(v , u) = u +
∫ v
v+

λ1(s)ds.

This is a solution of (b).

The 2-rarefaction curve and wave are treated similarly.



Def5) Composite wave of viscous shock and rarefaction.

Given the end states (v±, u±) ∈ R+ × R in (a),

we consider the case that there exists a unique intermediate state

(vm, um) such that (v−, u−) ∈ R1(vm, um), (vm, um) ∈ S2(v+, u+).

We will consider a superposition wave:

(v r ( xt ) + ṽS(x − σt)− vm, u
r ( xt ) + ũS(x − σt)− um).



Def6) Smooth approximation rarefaction wave

Consider the below Burgers equation :{
wt + wwx = 0,

w(0, x) = wm+w−
2 + wm−w−

2 tanhx

In the similar way of ’Def4)’, we get the ’approximate rarefaction
wave’ (ũR(t, x), ṽR(t, x)).
In addition, this wave satisfies the system:{

ṽRt − ũRx = 0

ũRt + p(ṽR)x = 0

The reason considering Smooth approximation rarefaction wave is
the solution is good property and it can be approximated to
original rarefaction wave.



Main Theorem

For a given constant state (v+, u+) ∈ R+ × R, there exists
constants δ0, ϵ0 > 0 such that the followings holds true.
For any (vm, um) ∈ S2(v+, u+) and (v−, u−) ∈ R1(vm, um) such
that |v+ − vm|+ |vm − v−| ≤ δ0,
denote (v r , ur )( xt ) the 1-rarefaction solution to (b) with end sates
(v−, u−) and (vm, um), and (ṽS , ũS)(x − σt) the 2-viscous shock
solution of (a) with end states (vm, um) and (v+, u+). Let (v0, u0)
be any initial data such that∑

±
(||v0 − v±||L2(R±) + ||u0 − u±||L2(R±))

+||v0x ||L2(R) + ||u0x ||L2(R) < ε0,

where R− := −R+ = (−∞, 0).
Then the compressible Navier-Stokes system (a) admits a unique
global-in-time solution (v , u). Moreover, there exists an absolutely
continuous shift X (t) such that



v(t, x)−
(
v r ( xt ) + ṽS(x − σt − X (t))− vm

)
∈ C (0,+∞;H1(R),

u(t, x)−
(
ur ( xt ) + ũS(x − σt − X (t))− um

)
∈ C (0,+∞;H1(R),

uxx(t, x)− ũSxx(x − σt − X (t)) ∈ L2(0,∞; L2(R).

In addition, as t −→ +∞,

supx∈R|(v , u)(t, x)− (v r ( xt ) + ṽS(x − σt − X (t))− vm,
ur ( xt ) + ũS(x − σt − X (t))− um)|−→ 0,

and
limt→∞ |X ′(t)| = 0.



For simplification of our analysis, we rewrite the compressible
Navier-Stokes system (1.1) into the following system,{

vt − σvξ − uξ = 0,

ut − σuξ + p(v)ξ = (
uξ
v )ξ.

· · · (c)

That is (t, x) 7−→ (t, ξ = x − σt).

Moreover, for the more simpler argument, we use a clever
substitution

h := u − (lnv)ξ.
That is the coordinate (v , u) change into (v , h).
Then the above equation is transformed into{

vt − σvξ − hξ = (lnv)ξξ,

ht − σuξ + p(v)ξ = 0.
· · · (d)



Def7) Weight function and Shift function

1) We define the weight function a by

a(ξ) := 1 + λ
δS
(p(vm)− p(ṽS(ξ)),

where the constant λ is chosen to be so small but far bigger than
δS such that δS << λ ≤ C

√
δS .

Note that
1 < a(ξ) < 1 + λ, a′(ξ) = − λ

δS
p′(ṽS)ṽξ

S > 0, and |a′| ∼ λ
δS

∣∣∣ṽSξ ∣∣∣.
2) We define the shift X as a solution to the ODE:
X ′(t) = −M

δS
[
∫
R

a(ξ−X )
σ ∂ξh̃

S(ξ − X )(p(v)− p(ṽX ))dξ

−
∫
R a(ξ − X )∂ξp(ṽ

S(ξ − X ))(v − ṽ−X )dξ],

X (0) = 0,

where M := 5(γ+1)σ3
m

8γp(vm)
with σm :=

√
−p′(vm).



Proposition

Define (ṽ−X , ũ−X )(t, ξ) :=
(ṽR(t, ξ+σt)+ṽS(ξ−X (t))−vm, ũ

R(t, ξ+σt)+ũS(ξ−X (t))−um).

For a given point (v+, u+) ∈ R+ ×R, there exist positive constants
C0, δ0, ϵ1 such that the following holds.
Suppose that (v , u) is the solution to to (c) on [0,T ] for some
T > 0. Assume that both the rarefaction and shock waves
strength satisfy δR , δS < δ0 and that
v − ṽ−X ∈ C ([0,T ];H1(R),
u − ũ−X ∈ C ([0,T ];H1(R) ∩ L2(0,T ;H2(R))
and
||v − ṽ−X ||L∞(0,T ;H1(R)) + ||u − ũ−X ||L∞(0,T ;H1(R)) ≤ ε1.



Then for all t ≤ T ,

supt∈[0,T ]

[
||v − ṽ−X ||H1(R) + ||u − ũ−X ||H1(R)

]
+√

δS
∫ t
0 |X ′(s)|2 ds+

√∫ t
0 GS(U) + GR(U) + D(U) + D1(U) + D2(U)ds

≤ C0(||v0 − ṽ(0, ξ)||H1(R) + ||u0 − ũ(0, ξ)||H1(R) + δ
1
6
R),

where C0 is independent of T and

GS(U) :=
∫
R

∣∣∣ṽSξ (ξ − X (t))
∣∣∣ |v − ṽ−X |2 dξ,

GR(U) :=
∫
R

∣∣∣ũRξ ∣∣∣ |v − ṽ−X |2 dξ,
D(U) :=

∫
R |∂ξ(p(v)− p(ṽ−X )|2 dξ,

D1(U) :=
∫
R |(u − ũ−X )ξ|2 dξ

D2(U) :=
∫
R |(u − ũ−X )ξξ|2 dξ.

In addition,
|X ′(t)| ≤ C0 |(v − ṽ−X )(t, ξ)|L∞(R), t ≤ T .



Bootstrap Argument

(i) Prove that the existence of solution satisfying some inequality
in some time intervals.

(ii) Suppose the maximal time which is able to exist solution is
finite.

(iii) Prove that we can apply (i) inductively changing the initial
time.

(iv) Show the contradiction of (ii).



Relative Entropy Method

Define Q(v) := 1
(γ−1)vγ−1 ,

Q(v |ṽ) := Q(v)− Q(ṽ)− (v − ṽ)(Q ′(ṽ)), and

η(U|Ũ) := |h−h̃|2
2 + Q(v |ṽ), where U = (v , h).

Then we enough to show that

d
dt

∫
R a−X (ξ)η(U(t, ξ)|Ũ(t, ξ))dξ ≤ 0.

In fact,

d
dt

∫
R a−X (ξ)η(U(t, ξ)|Ũ(t, ξ))dξ

= X ′(t)Y (U) + J bad(U)− J good(U).
At this time, all terms of J good(U) have positive sign.



Kang - Vasseur inequality

For any f : [0, 1] −→ R satisfying
∫ 1
0 y(1− y) |f ′|2 dy < ∞,

∫ 1
0

∣∣∣f − ∫ 1
0 fdy

∣∣∣2 dy ≤ 1
2

∫ 1
0 y(1− y) |f ′|2 dy .

This inequality is sharp.

In the process of calculation, we substitute y = p(vm)−p(ṽS )
δS

.
At this time, this inequality give a critical bound.



Improved proof performed by Lee Ho Bin and Han Sung Ho

Using the substitution

’h = u − (lnv)ξ’

has advantages giving simple calculus and easy control the
solutions.

However, this method is applicable only to one-dimensional case.

Since Navier-Stokes and Euler equation are not just the form of
1-dimensional, for more general case study we have to use the
general method or tool.

Thus we attempt the proof without above substitution.
This process is harder than using substitution.
The idea of proof is somewhat similar, but the more calculus and
the more idea to control solutions are required.
Although there is these obstacle, we success, and so the possibility
has been opened for the study of more general cases.



Thank You!


