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Finite dimensional vector space V, W, U
dim(V )=n, dim(W)=m, dim(U )=r

@ ‘B is a fixed basis of V
@ C is a fixed basis of W
@ 9 is a fixed basis of U
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When B = {vi,..., vy} and v = a0, + -+ + apv,
o [v]g = (ay,as,...,an)

o [LIZ = ([L(v:)]es s [L(vn)]e)

L£(V, W) is the set of all linear transformation mapping a vector
space V into a vector space W
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B OF : Mma(F) = SV, W), T2 £V, W) = My a(F) E
0 [OF(A)(V)]e = AV, (A € Mma(F),ve V)
® UF(L)=[LZ,(LeL(V,W))

(71 ®F 2 U§ = isomorphism0| 11, (&)~ ! = UF
(L)

Be M, m(F)O|D A€ Mnm,(F)OIH
D5 (B) o B (A) = D5 (BA)
JFMBED, Le &(V,W)o|IM e £(W,U)0|H,

Wo (M) - U (L) = U5 (Mo L), M5 - [L]e = [Mo L]3
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o 22|29 M : UL AL ZCH(isomorphism2| & St
o 22|29 Ast2: Z2 A2 MUZ ZtTH(identification2| & S})
o |2 HE3: @I MEAtLE2 LTt
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Change of Basis

Vector space V, W2| C}Z basis B/, ¢’ S MEHGIH CtS A AIS
DFSHeL.

o [LIg = [W&[LIE (M

o [Lalg =g - [Lals-NZ =g -A- 17
(Eh &, F= PLF" 2l E&T|X)
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Bilinear Form

Vi, Vo 7t vector space I}, = p: Vi x Vo — FIL LIS =HE
0t=31H bilinear formO|2t 1 EEC}.
o (v + va, w) = u(vi, w) + (v, W)
v, w) = ap(v, w
(v, wi + wa) = p(v, w) + p(v, we)
(v, aw) = ap(v, w
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Bilinear Form

B: V x V— F7} bilinear form, B 7} V2| ordered basisO| 11,
[Bles = (B(vi, vj))nxn O B(v, w) = ([V])* - [Blss - [w]s OICF.
SE2l= By E B @Eolztn FE2C}.
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Je M, n(F)L M F"2| bilinear form Bé F'x F"— FE
BLX,Y)=Xt-J-Y

oI5t} o] imh [Bile = JOICh YU J=/0|H BL(X,Y) &
o| HELH™o0| =IC}.

EHu
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J €M, n(F)L I VO bilinear form By, : Vx V— FE
By (v, w) = (Ms)" - J- [Ws

Z XO|5IA}. O] i [BY]s = JOICH.
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Bil(V) = {B: Vx V— F: B bilinear} |
(B+ C)(v, w) = B(v, w) + C(v, w), (aB) (v, w) = aB(v, w)
0|™ Bil(V) = vector spaceZt =Tt
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Notation

o v,we VI, B(v,w) =00|H v | w2 E7|5}11, v,we

M2 #xlo[ct 2fa sict.
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Bilinear Form2| 7| 2X 2|

ol

b Qg 2 Bil(V) — My o(F) B

I

=
—_

oII

2|3+ Qg = vector space isomorphism O|C}.

~
o
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Non-degenerate Bilinear Form

B It FSERFRI vector space V2| basis [, CF2 2 SX|0|C}.

(1) B= non-degenerate.

(2) det([Blx) # 0

Dohyeong Han Transpose of a Linear Map



Dual Space

V 7} F-vector spaced [Mf, V* = £(V, F)0|™M V* = vector space
7t =11, V*E V 2| dual space2t1l 0,_|-L'—|-.

V** = g(V* F)0|H V*Z V 9| double dual0|2}11 StC}.

B* ={vj,...,Vi}, Vi(vj) = 6;0|H B* = V* 2| basis7} £ 11, Of
basisZ dual baS|sEh_'_ = I'

FII]J
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Natural Isomorphism

AHRI0| &2 5 vector space2 A £ isomorphicBHH|, Of T2
isomorphism & basis2| MEHO| 2| Z=StC}. [L}2}A] identifyO|

o|&3st7|0ll= 2zt F2|7} ULt
MEHO|| 225t "natural

B+l = vector spaceAlO|0f| basis2|
isomorphism’0| Z=XHsSICtH L2|= ML ofF He|Z4glo| F

vector spaceE identify& o= QULC}.
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Natural Isomorphism for Double Dual

V 7} finite dimensional & O}, &=V : V - V2

v
(V)(f) = f{v)
2 XMo|5tH 1)V = vector space isomorphism 0|11, EE S} natural

isomorphismO|C}. [}2IM R2|= ¢V 2 E6H V 3t V** £ identify
o % Qlch.
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Dual Map

L:V — W7} linear map [}, linear map L* : W* — V&

L*(g) =golL

2 ™o|st1, 0] linear map2 L 2| dual map0|2td EEC}.
0|t} commutative diagram & C}21} ZC}
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Matrix Expression of Dual Map

B= VO 7|M0|T, €= WOl 7|Matn s,
[L*)%. = ([L]F )tOI_T'_, [Lh2kA S 22| transpose= linear map 2|
dualdf| CH S &lCt.
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B-Identification

S go‘é Vo VE go‘é(v)(w) =B(w,v) E M2
linear mapO|C}. 2|10 CHE & A2 =X|0|C}.

B = non-degenerate
(2) go‘éE isomorphism
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B-Identification

B7} non-degenerate ! [l, isomorphism go = natural isomorphism
O|Ct. }2tA O|HOE pf 2 S3HAM V 2F V* identify & =
QIC}H 2E2|= 0|z 2 B-ldentificationO|2t 11 StC}.
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Transpose Operator

L e £(V,W)2t 3tX}. o| tmlf Lo| (BRF Cof| 26t
transpose map L' € &(W, V)= Lt = L* 2 H9o|=IC}.

AMoZ FEHeHH L= (¢ ‘B/) oL* O(p‘é/0||:|-. 0| rrH

commutative diagram & C}2 1} ZiC}.
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Matrix Expression of Transpose Operator

B,¢E ztzt v, W eo| nF™El 7| X2t X}

Le ’S(Vv’ W)OEI IIH7 J‘B - [B]%ﬂ]@ - [C]C—% ﬁjlél'?_:‘;

(L% = (Js) " ([L]§)" Je
o|ct. E5| V =wo|1,

o|C}.
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