
Hrgher homotopy group & PoTncareConjecture

O
. Prereqursrtes

The prerequsrtesforthisseminararethefundamentalgroup, . coverng spacess

sngular homology . cohomology .

Cω complex . Categorrcal Alegbra

I Hgherhomotopygroul
X

,
이: pontedtopologrcal space

befnFonI .I

πk(X
.

ol. ) Ts a set of homotopy class of maps f : (Ik
.

aIk ) - >(
α

.x . )

quivalently . f :(skp)×이.

wthagroupoperatronA : π LXTπk- →π k[fI *t
.

g
- 7= [f *gI

f *g
= Sf (2tz .

… ) tIE다 .도그

glzty - s

… 1 tIE 한 .
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Tπk( X
,pl . )s agroup .

we already knothatw y (α , xo ) can be nonabelran ; figure - 8 .

HoweVer,
π
k( α, olo) ( k7 ≥ 2 ) are always abelran



Theorem I 2 [Eckmann - HiltonI
X

,
D : unital brnary operations on X

Suppose (axb ) XD (cad ) = ( axoc ) x ( bxod)
.

taibicdEXx

Then
,
X
,
XD are exactly same operation and Commafatioe & associative

Proof fftoa) e reader except unrts

I
+

,
ID : units

Jα= IX * IX = (I × XPID) X ( IXDDI× ) = (I × *LD ) D (AoX ×)

= IDXOIXD= IXD

PefMFron I
-
3

XD :π kXπ k -→ π k: [ f] DFg]
= [fXog]

fogi = f (tyit 구
… ) tvε [o ,I

1
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2tz -
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… 1tvEƩ
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TheoremI
.

4

πk sanabelrangroupr

Proof) tf
. g .

h
, k : (Sk

, P )
→ (X

.

1 . )
,

(fXog ) * (bok) = (fAh ) xocg * k)

∴(FF] KTg] )0 A ([hIockI ) = ([F]*h]] o ([gI*ck그 )

By Eckmann - Hilton rgumenta ' * Ts abelran as
,

destretd

Theorem I

[ Lrffrny Crterron]로

If P
*- →α s acoverrngmap , f ÷( K . y .

) +(
X
,기이 , PC. =.

~

fhen f liffs to a f : ( 4 .y . )이* .
다까 . )wrth p.ff fand only Tf

f
*
l포 (Y

.Y . ) ) = PA (퍼 (R ,
x.v ) )

(x ,

x
.

v

)

N5 Ir국
←f *
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펀( 오 .
y이드 PA( Tz( *. 5
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Theorem I . 6

If kx 2
,

Tπ k (St . P )
= O

Proof) Recall P
, IR → SI . coverngmap . 비

f : sk
-
→ st lrfts to a map

f
:

sk기R, bytheLifTingCrrterronn
STnce IR δContractible,

f
~ snullhomotopTc, . e , f IShullhomotopTc.



2
.

Hurewicz Somorphrsm는 theorem

PefTnFTon 2 I [HurewTcz homomorphismy

I : πk (X ,. )개k (X )

fI[ → fA [SkIlk (X )

STnce homology Ts homotopy nvariance , OI IS ωll - defrned

please check that oI s homomonphisma -

Lemma 2 . 2

Xx .pl % ) :pouted space
7 - k π I

.

ff : ( skp
) - ( X. 1 .) [ shullhomotopTcwrhout fxiny the base

'

then[FIoEuka."pouts

π 1
비 k ≥ 2

. f : 2 - > X :mapsending 비(k-A)drmensTonalfacestoxA

Then
,
[FI = Ʃ

*

[Flo ] E πk (X
,
%)

OEFkiktA

sketch of Proof ) T πGv왜 a homotopy F :

k
×Is - "

FCs
,
o= f

F(S ,
I ) = const

.

we can use γ : I - → X :frajectory ofP to modrfy F fo homotopy
더 FtIcp

sendrng P to loatall trmes



π) [Praw PctureI
그

펴

사과많…
Theorem 2 [HurewiczTsomorphismtheorer

k≥ 2
.

X : path -Connected &π iLX .o = o 부kk .

ThenI s an (somorphism ,
Fe
,
πk (X.% ) = Hk (X )

Proof)Usrng-STngularhomology. defnerI:ck(X) -
→ Tπ k (X ,

x. )

The cdea s modify Tmage
of boundary vra chanhomotopy.

Pefne K : GCX ) - >CI(X) . 비방스 Takasfollowss

STnce X : path - connected ,

비

PEX ,

choose apath KCP )

from H
. top :K , ( P

) : D- + X K ( P) ( 0 =xo , KCP)

For each I- o : - →
x

,

ar :
a - "xsendngthermmple와 또 :

faces to 6
.
KCO (O ) )

,

K (OCI) )
.

.

Ho

시용이에매,"진
'

:
:



Snce X s smply connected ,
τ Can be extended to

KCO ) : - > xsuchthataKK"

ConfTnuing by Tnduction on T
,

Tf I ≤ T < k .

fhen Tr-smpl와

0 : " α
,

choose 따' r KCD ) " - → xwhichsendsthefa=때와

to o
,

and the faces of Kc 6ja and therefore satisfres

aKCo) tK(2O) = 6

Fnallyfo : → xTs a k -
,hn크*지 때와 A

sendrng
-elh facesto o

,
and tefahces of KC2D)

,

Lex denote the face sent to xx의

Identrfyng (r hisgrvesnogi= cs … - cs
가이세

k

EBk (X ,
1 % )

Moreover
,
the sum of the faces s homologous to v또 (o) ragarded

asa
'
. e
,

크

a Kco ) h5mple와simplex
2 KCO) + K (26) = 0 -ICI(0))

while 또 may depend on the above chorces
,
we Clarm thot

또Tnducesa maponhomologywhich
s TnversetoOI,



Theorem 2 .4

Tπ k ( Sn ) = I π
rfk *

kn

Proof ) BytheHurewicE (somorphcsmtheorem, π

'
sdearn



3
. Pependence of πk 애 the base pornt

we wrll show that Tf X s path connected ,
then the

homotopy groups of X
for drfferent chorces of base

pornt are [somorphic

Ifr : I- → X

:
pathfroml. to olI , defne a map

화ㅠ모 (X ,
x -→π kLX가과) as follows

lef us temporarily reparametrze I
= E 2 ,

IIk
k

If f : E턱
,
I]k , X & t =(ta…tk )v

let
,

m= maxsl trl로 and defne

호와 =다 (t]] [Sf ()
m ≤ Ʃ

X

]그

γrC2(=m ) )
m ≥ 고

T함침……' 모
op

P

1초차강도



Please check that oIr Ts group homomorphsmm

The following facts are easy
to see

)Ifrnr '
.

thenoIr
=
oIr:

π k( X, 0
x) πk (X ,
⑫→,

띠 γ . path from poto ox번
, r
'
.pathfromxoxt

oIk*rI = oIK . 호건 : πk(X .
xz ) →πk (X .

x-ihen

TKπ) If r : constant Path at Ho ,

then or = iπk(X.이

Theorem 3 -

1

If X : path connected , then πk (X ,
x. ) =πk (X ,

xI )



4
.

PoTncare' ConJecture

Theorem 4 .1 [PoTncare dualrlyI

If M Ts n - drmensronal orcentcoablesed manifold
,

then

Hn- k (M ) = Hk (M )

befnition4 . 2[ Hom, EXtFunctory

A
,
B : R - module

Homk (A .
B ) : S omomorphismtfromstoB

For a fxed
6

A. HomkTsleftexatfuntor .

For a Tnjective resolution ,

- 에B -→ I02~1 …

Form the Cochain compleX ,Homk ( A, I 0) Homk(A ,
I
2

) →

EXtR
(
A,

B
) =Thcohomoloyy of thTs complex

ExtRT s rrght derwed functor from
-mllo

야



TheoremK 3 [Unversal oeffrcienttcheorem for cohomology]

크
short exactsequenccR:pID . a :k-module

,

어 t
금

(H
-

전(X ;R ) , G ) HT ( X
;
G) - 가lomk (Hi ( X;R ), G ) - → 0

and the saquence splts,

Theorem 4 .
4 [lomology whitehead theoremI

X
,
Y : simply connected Cω complexes

f : X간

If fA : Hn (X )H ( 4) s Tsomorphism배 ,

then f : homotopy efuvalence



Theorem 4
.

5

Every simply connected orrenfable '

closed 3 - manifold Ts

homoTopy equrvalent toS
'

.

Proof) X : simply connected o아centable
'

closed 3 - manifold

Then
,

H . (X ) 으 π
,

Hy (X ) = 펀 (X ) = 0

Snce X s orrentable
,
H 3 (X )으로

By Poncare'dualrty. H
2
( k) -H

그

(X )

By Unrversaloeffrcrent- ← heorem
,

HA(X) = H0m (HI (X) π ) FE *( H . ( X) ; π)- J

So Ha(X ) =②

By Hurew?cz theorem ,
OI : π3 (X ) - 개 z (X )

Ts an Tsomorphismm
Let f : s

3
- , Xrepresent a generator

of πs (X )



Thn,
f
*
:
Hn

( s '
)

- in (X ) are somorphisms

It follows that fis a homotopy equvalence

Theorem 4
.

6 [Poncare
'

Theorem)

Such X s nfat' homeomonphctoS ' .


