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Part 1

Introduction to Optimal Control
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Simple Example 2
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Simple Example 2
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Closed-loop Control System
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ถ𝑦 𝑡
𝒐𝒖𝒕𝒑𝒖𝒕

= 𝑔( ถ𝑥 𝑡
𝒔𝒕𝒂𝒕𝒆 𝒗𝒂𝒓𝒊𝒂𝒃𝒍𝒆

, ถ𝑢 𝑡
𝒄𝒐𝒏𝒕𝒓𝒐𝒍 𝒊𝒏𝒑𝒖𝒕

)

𝑥 𝑡 + 1 = 𝑓( ถ𝑥 𝑡
𝒔𝒕𝒂𝒕𝒆 𝒗𝒂𝒓𝒊𝒂𝒃𝒍𝒆

, ถ𝑢 𝑡
𝒄𝒐𝒏𝒕𝒓𝒐𝒍 𝒊𝒏𝒑𝒖𝒕

)



State Variable 𝑥(𝑡)

The state variables of a system consist of a minimum set of 
parameters which completely summarize the system’s status in the 
following sense. If at any time 𝑡0, the values of the state variables 
𝑥(𝑡0) are known, then the output 𝑦(𝑡1) and the value 𝑥(𝑡1) can be 
uniquely determined for any time 𝑡1, 𝑡1> 𝑡0, provided 𝑢[𝑡0,𝑡1] is 

known.

시스템의 특성을 나타내는 변수



Output Feedback System

𝑦 𝑡 = 𝐶𝑥 𝑡 + 𝐷𝑢(𝑡).

ሶ𝑥 𝑡 = 𝐴𝑥 𝑡 + 𝐵𝑢(𝑡),

Using 𝒖 𝒕 = 𝑭𝒗 𝒕 − 𝑲𝒚 𝒕 gives

𝒚 𝒕 = 𝑰 + 𝑫𝑲 −𝟏 𝑪𝒙 𝒕 + 𝑫𝑭𝒗 𝒕 ,

ሶ𝑥 𝑡 = 𝐴 − 𝐵𝐾 𝐼 + 𝐷𝐾 −1𝐶 𝑥 𝑡 + 𝐵 𝐹 − 𝐾 𝐼 + 𝐷𝐾 −1𝐷𝐹 𝑣(𝑡),

where K is feedback gain, F is feed-forward matrix and v(t) is 

external input. 

Feedback



Part 2

Model Predictive Control
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Part 2-1

Algorithm of MPC
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Notation

•𝑢𝑎|𝑘 ∶ t=k 에서 예측한 a 단계 이후의 control input 값

ex) 𝑢3|1 : 현재 t=1에서 예측한 t=4에서의 control input 값

•𝑢𝑎|𝑘
∗ : t=k 에서 예측한 a 단계 이후의 최적의 control input 값

ex) 𝑢3|1
∗ : t=1에서 예측한 t=4에서의 최적의 control input 값

• ||𝒙||𝑷 = 𝒙𝑻𝑷𝒙



𝑦𝑡 = 𝐶𝑥𝑘

s.t. 𝑥𝑘+1 = 𝐴𝑥𝑘 + 𝐵𝑢𝑘,

𝑢∗ = 𝑎𝑟𝑔min
𝑢

෍

𝑖=0

∞

||𝑥𝑖|𝑘||𝑄
2 + ||𝑢𝑖|𝑘||𝑅

2 ,

𝑢𝑚𝑖𝑛 ≤ 𝑢𝑗|𝑘 ≤ 𝑢𝑚𝑎𝑥,

𝑦𝑚𝑖𝑛 ≤ 𝑦𝑡 ≤ 𝑦𝑚𝑎𝑥.

MPC Solver

Equality & Inequality Constraints

Cost Function

Prediction time is infinite.

>>> Infinite-dimensional Optimization Problem



The Dual-Mode Prediction Paradigm

𝑎𝑟𝑔min
𝑢

𝐽 𝑥𝑘 , 𝑢𝑘 = argmin
𝑢

෍

𝑖=0

∞

𝑥𝑖|𝑘 𝑄

2
+ 𝑢𝑖|𝑘 𝑅

2

= 𝐚𝐫𝐠𝒎𝒊𝒏
𝒖

σ𝒊=𝟎
𝑵−𝟏 𝒙𝒊|𝒌 𝑸

𝟐
+ 𝒖𝒊|𝒌 𝑹

𝟐
+ 𝒙𝑵|𝒌 𝑾

𝟐
,

where 𝑊 is the solution of the Lyapunov equation,

𝑊 = 𝐴 + 𝐵𝐾 𝑇𝑊 𝐴 + 𝐵𝐾 + 𝑄 + 𝐾𝑇𝑅𝐾.

Prediction time is infinite.

>>> Infinite-dimensional Optimization Problem

Prediction time is finite.

>>> Finite-dimensional 

optimization Problem

Mode 1 Mode 2

Terminal CostRunning Cost



System

MPC Controller

𝒖𝒕
∗(= 𝒖𝟎|𝒕

∗ )

Output &

Feedback

𝑥𝑡

𝑢∗ = 𝑎𝑟𝑔𝑚𝑖𝑛
𝑢

෍

𝑖=0

𝑁−1

𝑥𝑖|𝑡 𝑄

2
+ 𝑢𝑖|𝑡 𝑅

2
+ 𝑥𝑁|𝑡 𝑊

2

s.t. 𝑥𝑗+1|𝑡= 𝐴𝑥𝑗|𝑡 + 𝐵𝑢𝑗|𝑡 ,
𝑦𝑗|𝑡= 𝐶𝑥𝑗|𝑡,

𝑢𝑚𝑖𝑛≤ 𝑢𝑗|𝑡 ≤ 𝑢𝑚𝑎𝑥 , 𝑗 = 0,⋯ ,𝑁 − 1,

𝑥𝑚𝑖𝑛≤ 𝑥𝑗|𝑡 ≤ 𝑥𝑚𝑎𝑥 , 𝑗 = 1,⋯ ,𝑁.

cost function

control constraints

state constraints

equation of motion



Model Predictive Control

=Receding Horizon(이동 시간 구간) Control

Minimize cost function J

k k+1 k+2 k+N k+N+1 k+N+2⋯

⋯
𝒖𝟎|𝒌
∗ 𝒖𝟏|𝒌

∗ 𝒖𝟐|𝒌
∗ 𝒖𝑵|𝒌

∗

Minimize cost function J

k k+1 k+2 k+N k+N+1 k+N+2⋯

⋯
𝒖𝟎|𝒌+𝟏
∗ 𝒖𝟏|𝒌+𝟏

∗ 𝒖𝑵−𝟏|𝒌+𝟏
∗ 𝒖𝒌+𝑵+𝟏

∗

첫 번째 항만 사용

t=k

t=k+1



k k+1 k+2 k+N

⋯

k+1 k+2 k+N-1

⋯

k+N

k+1 k+2

⋯

𝐤 + 𝐍𝐜 − 𝟏k

⋯

t=k

t=k+1

𝒖𝟎|𝒌
∗

𝒖𝟏|k
∗ 𝒖𝟐|k

∗

𝒖𝑵|k
∗

𝒖𝟎|𝒌+𝟏
∗

𝒖𝟏|k+𝟏
∗

𝒖𝑵−𝟐|k+𝟏
∗

𝒖𝑵−𝟏|k+𝟏
∗

Find 𝑢∗ = 𝑢0|0
∗ , 𝑢0|1

∗ , 𝑢0|2
∗ , ⋯ .

𝒖𝟎|𝒌
∗

𝒖𝟎|𝒌+𝟏
∗

𝒖𝟎|𝒌+𝟐
∗

𝒖𝟎|𝒌+𝐍𝐜−𝟏
∗

첫 번째 항만 사용하고

모두 버리는 이유

: control input 값을 넣었을때 

어떤 output 값이 나올지 모름

(parameter uncertainty, noise, 

disturbance)



Part 2-2

Other Types of MPC



Other Types of MPC

• Linear Quadratic MPC

• Nonlinear MPC

• Decentralized MPC

• Stochastic MPC

• Robust MPC

• Economic MPC

• Adaptive MPC

• Hybrid MPC

• …



Robust MPC

𝒚𝒋|𝒌 = 𝑪𝒙𝒋|𝒌

s.t. 𝒙𝒋+𝟏|𝒌 = 𝑨𝒙𝒋|𝒌 +𝑩𝒖𝒋|𝒌,

min
𝑢

𝐽(𝑥𝑘, 𝑢𝑘) = ෍

𝑖=0

∞

||𝑥𝑖|𝑘||𝑄
2 + ||𝑢𝑖|𝑘||𝑅

2 ,

𝑢𝑚𝑖𝑛 ≤ 𝑢𝑗|𝑘 ≤ 𝑢𝑚𝑎𝑥,

𝑦𝑚𝑖𝑛 ≤ 𝑦𝑗|𝑘 ≤ 𝑦𝑚𝑎𝑥.

𝒙𝒋+𝟏|𝒌 = 𝑨𝒙𝒋|𝒌 +𝑩𝒖𝒋|𝒌 +𝒘𝒋|𝒌

𝒙𝒌+𝟏 = 𝑨(𝜹𝒋|𝒌)𝒙𝒋|𝒌 +𝑩(𝜹𝒋|𝒌)𝒖𝒌 +𝒘𝒋|𝒌

𝒚𝒋|𝒌 = 𝑪𝒙𝒋|𝒌 + 𝒗𝒋|𝒌

𝒚𝒋|𝒌 = 𝑪(𝜹𝒋|𝒌)𝒙𝒋|𝒌+𝒗𝒋|𝒌

System의 noise & disturbance에 잘 대처함



Robust MPC

min
𝑢

𝑅𝑐𝑜𝑠𝑡(𝐽(𝑥𝑘 , 𝑢, 𝛿))

s.t 𝒙𝒋+𝟏|𝒌 = 𝑨 𝜹𝒋|𝒌 𝒙𝒋|𝒌 + 𝑩 𝜹𝒋|𝒌 𝒖𝒋|𝒌 + 𝑭𝒘𝒋|𝒌,

𝒚𝒋|𝒌 = 𝑪 𝜹𝒋|𝒌 𝒙𝒋|𝒌 +𝑫 𝜹𝒋|𝒌 𝒖𝒋|𝒌 + 𝒗𝒋|𝒌,

𝑅𝑐𝑜𝑛𝑠𝑡 𝑐𝑖𝑗(𝑥𝑗|𝑘 , 𝑢𝑗|𝑘 , 𝛿𝑗|𝑘 , 𝑦𝑗|𝑘) ≤ 0,

𝑗 ∈ ℤ 0,𝑁𝑝−1
, 𝑖 ∈ ℤ

1,𝑁𝑐
𝑗 , 𝑥0|𝑘 = 𝑥𝑘



Decentralized MPC

MPC 1

MPC 2

MPC 3

Subsystem 1

Subsystem 2

Subsystem 3

System

𝑥1

𝑥2

𝑥3

𝑢1

𝑢2

𝑢3

𝑢1

𝑢2

𝑢3

Centralized MPC

MPC

Subsystem 1

Subsystem 2

Subsystem 3

System

𝑥1

𝑥2

𝑥3

VS
Decentralize : 분산시키다



Decentralized MPC

min
𝑢

σ𝑖σ𝑗=0
𝑁−1 || 𝑥𝑖 𝑘 + 𝑗 ||𝑄𝑖

2 + || 𝑢𝑖 𝑘 + 𝑗 ||𝑅𝑖
2 + || 𝑥𝑖 𝑘 + 𝑁 ||𝑃𝑖

2 ,

s.t. 𝑥𝑘+1= 𝐴𝑥𝑘 + 𝐵𝑢𝑘,

𝑥 ∈ 𝑋 = ς𝑖𝑋𝑖 , 𝑢 ∈ 𝑈 = ς𝑖𝑈𝑖 .

For 𝑗 = 0, ⋯ ,𝑁 − 1,
𝑢𝑖 𝑘 + 𝑗 ∈ 𝑈𝑖 ,

𝑢𝑙 𝑘 + 𝑗 = 𝑢𝑙 𝑘 + 𝑗 𝑐−1, ∀𝑙 ≠ 𝑖,
𝑥 𝑘 + 𝑗 ∈ 𝑋,
𝑥 𝑘 + 𝑁 ∈ 𝑋𝑓 .



Thank you
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