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A cycloid
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Brachistochrone

The fastest route between two points

x =1(0 — sinf)
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Brachistochrone

Goal: Minimize At
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Brachistochrone

Goal: Minimize At
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The Euler-Lagrange Equation

Let S = {y € C[a,b]|y(a) =y, y(b) =vy,},andlet]:S - R bea

function of the form .
J») =, f @),y (x),x)dx

If | has an extremum at y, € S, then y, satisfies the Euler-Lagrange Equation
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Paritial derivatives
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A proof of the Euler-Lagrange Equation

Suppose that there exists yy € S such that minimizes /.

Write y(x) as y(x,a) = yo(x) + an(x)

0
By hypothesis, we have l ]] = (

Using = = - [ ' f(y(x), ¥ (x), )dx = [, 2L (y(x),y"(x), x)dx -

oa
-(Leibniz’s rule)



The Beltrami ldentity
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x =1(0 — sinf)

y =71(1 — cosf)
_ 6 — sinf
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Bernoulli’s approach to the brachistochrone problem
Idea: Light travels along the path that takes the shortest time.

A

A

Sina SN Sina Singa
Snell’s Law: 1 = 2 == AN = constant
Ul Uz UN v




Bernoulli’s approach to the brachistochrone curve problem

Idea: Light travels along the path that takes the shortest time.
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Bernoulli’s approach to the brachistochrone curve problem

Idea: Light travels along the path that takes the shortest time.
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At = constant




At = constant

x = r(0 — sinf)
y =71(1 — cosf)
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y;i =1(1 —cosb;),y =r(1 — cosb)
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At = constant
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Goal: Minimize L

L=|ds=|

f=+1+4+@")2%=f(y,y") >Use the Beltrami Identity
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The shortest curve between two points
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The shortest curve between two points

Goal: Minimize L

1
J1+(y')2

= constant = y' = constant = y: a straight line




