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Day 1
.

O
. Introduction

.

Q
. FIXI = X3 - 2X +17 in ICx3 has

any solutions in □ ?

A
. µ이

why ?



Then…

Q
.
If f (X) EaCX] has a solotion in

all a/pa .
f has a integer

solution ?

A
.
No ! why ?

I think most people who read this note

can make a counterexample
.

From the previous tho questions . I can

in tro duce two main questions of this

note
.



Q 1
.
It we consider the field a as

the global object ,
then what are

local ones ?

Q 2
.
As we have seen that in the

case of a and a1pa, the

exis tenae of solutions is not

local - global principle.

Bot , wouldn' t2G principle hold for

Certain kinds of objects ?



I . P - adic Integer.

It you do not know what is a projective

limit, consider it is just a good algebraic

object and our situations in this note

is nice
.

pef
. PI adic Fntegers]
consider the following (surjective) inverse

system
.

Cas a a-module cat )

Ar - alpna
, On : An

nonical
map

The p- adic integer , ap is a projectivelimit

of this system.

ie , ap : = An



*

π마고

>

심면\ ↓

괴"고

* Topology on Ip

① For each An
, give discrete topology

on them .

② By Tychonoff
'

s thm
.
π An is

compact
.

③ Give a subspace topology on Ip E πAn
.

p ap is closed ⇒ Compact !
(why ? l



* Natural valoation of 2p
.

we need following proposition .
∞
prop. a . xE ap is invertible

⇒ PXX
.

b
.
Let 0 = units in xp

.

Every nonzero element of Ip Can

be written uniquely in the form

p"u ; 1 음
Pf) omitted here .

Calculation t Diagram
chasing

.

with the proposition , we can conclude that

ap is DUR with a Valuation Np .

up : ap > Iψ U So0 l

이 ) OO

p
" ol n



Def
.
[ p - adic Nomber]
since ap is a domain , we can think

its field of fraction ; p-adic field
.

with the natural valuation , we also have

hp : = Q (ap ) =고 p [머]
.



* Metvic in hp

Notep that
1
. vp (xg ) = Up (x) + up (y )

2
. vp (y+y) 그 in5 ( vp (x) , vp (y))

.

s we can define a distance on ap .

dlxig) : =

The subspace The Topology
topology we detined induced byd

.

on 2p
.

. ap is closed metric space .

⑪



Examples .

O choose ao E hp and let an = do - p?

Then eiman = eim ao-p ,
n→oo

= .

Hence , Ʃ an
.

=

eimao( I-pm ) =
1 -P

Contrast to the situation in 1R .

an 0 oin1 R.

If P =3 ,
9=

1 13 - - =eim 23

② Again , let P=3 .

52 = 1. 33 + 2 . 32+ 2 - 3 + 1 . 30

1
-2 = - 13 + 1 . 30

=

터 . 3 + 2) 3 + 1 . - 30
=
- 1 . 32

+

2 - 3+ 1-30

? -2 = 1 . 30 - α. 3 + 2 .3 …

= 1 - 6 . = - 2
.



③ Again , fix P=3 .

25/36 ε h3
.

25/36 = 25/4 .

1/9

≈&3 그 u

45= 1 D - * = 1D -℃
= 7 t

'g

있 : .× ?!
= 1 . 30 + 1 . 3

'
+ 2 - 32

+ 6 ( 1 . 32+ 1 . 34 + … ) εa3
.



P Newton' suethod in padic nombers

& some solotions f

Return to the introdoction, our porpose was

"

Find a solotion
"

completeness ( ω . R .T canonical distance )
'
1R

일

alg .

' [×]/ <× 2-2> = @ (E )

Note that hp is complete .



Thm
. [Newfon 's Method]

Let fEapX],
f
,itsderivate.

LeT XEap
,
MikEa such that

l
OE 2KEn

. ,Flx ) ≡ 0(Modp"

Up / f ' (x7) = K
.

Then there exists yEap such that

5( g)= 0( Modpn+")
,

2p (f 11g)) =K

and gax (mod prc).
{

Thm
.
[ Hesel

'

s Cemma]

Let FERP [X, . Xm]
,
x= (xi ) εap)m

N.KEX and j an integer such that
o≤ j ≤m

. suppose that OL 2k <n and

that f (X) = 0 (mod pm) and v(( x1)=.
Then there exists a zero y of f in

)mwhichisy ≡ x ( Modpak
).



Intuition ; compare to .Newton's Method
.

있

classic Us New

inlal ( in @ p )

5 is contia : . f is in Ip[X]
. diff a

5

laFo →

. 51 (α) t0 - up (5
'
(x) ) =k

.

⑪ 긴

7 neighborhood For large n ,

Vot a such that (≈ 2k < nN

θ Xo E U . (xi )→α
.

( e sufficiently
small P-adic mod ]

> x)→ α
ㅜ
Zero .



CorP Everysimple zero of the reduction
modulop of a polynomial f lifts to
a zero of f with coefficients in 2p

.

pf) Take nandk =o inHensel's

lemma .

Example . LeX P = 7

Consider f1×) = X2-2 ε an [X]

Then f (3) = 0
,
δ'(3 ) #

0
. (In1a )

⇒ There exists yE an such that

g
2
=2

.

∴ 고 5 ap and n 9 up
.

P- adic number is another way

to extend h Containing roots

not contained in Q
.



* structure of hp
.

- No proof ! -

Thm
. hp

*
의 Ixap× 고I(P+)고 if P#2

.

1
RXI2X 212고 if P=2

.

This is because , hp*= ƩX O =고 × (UXU , )
V 이

and U 벋 피머)고 λ RP PF2

( 1triv X고2X 12a P=2
.

with this one can show that ;

① P#2 ; x= pru ε ap
*

,

x is a squave n is even
and

image of w in

a /(p1)a is a square
.

pf )



② In P= 2 ,x =pru εht ,

x issquare n is even and U≡>

Cmod 8)
.

③ Lk is an open subgroupofQ

Note that o and ② leads us to detine

Legendre symbol on hp
.

How ?



Day2 .

2
. Hilbertsymbolanditsproperties.

Today, I will omitt almost proofs .

Def. [ Hilberf symb이]

(a, b) = + 1 22 - ax2-b92 has a

{ nontrivial Solution in k3
ㅢ 0 therwise

Caib Ek* , k = IR or hp )
~

hoo

Hilbert symbol can be considered as a

genevalization of Legendre symbol.

It will be an essential tool to

prove Hasse - Minkowski theorem .

Noyation v = Sprimes $ u S tool
.



Easy propositions
.

① AbEK*
. Kb : = KCRB)

Then an) 1 aεN
group of noums of elements

in kb
.

② i ) laib) = (b .a) , (a , c)=1 .

iπ] (a 1 -a) =1 ,
(9 , 1 -a) = 1

i)la, b)1 ⇒ Caal , b) = (a ' ,b)
iv) laib) l =(a-an ) =(a ,( l-a)b

)

Difficult theorem .
[ Formula of H .

s]

P#2 ) (aib). = t)
αβE (P ) (p)

β
( %%)

a

P =2 → laib)a = t)
E(u ]a(v) +α w(2) +B u( u )

whee a= pau , b= pBu
.

P = 00 s laiblo= ( ! . * 음않습다.



* Note that , the formulas also show

that Caib)o is a bilinear map

from k*1 k*
2
x K

*

/ 1k*
2

to s±13
.

L
, Although we do not use this

in this note , it is important.

These are fundamental theorems about

Hilbevt symbols.

ThmI
. [ product Formula]

If aib E at
,
we have (aibl2 = t

for almost all vEV and π laib) . =>
√

Thm 2 . [ Approximation Theorem]

Let 5 be a finite subset of U
,

the image of h in π hv is dense
5

in this product .



Thm3
.
Let Caz) ieI be a finite family of

elements in ht and let ( Ei, v) iEI
,
vEV

be a family of numbers with values s±1?
.

Then there exists xo ht such that

ae , xJo = Einforall v) E IXV .



3
.

Hasse - Minkowski Theorem

and Its Applications .

Before producing H -M thm
, go back to the

chapter O
.

Q 1
.

what is the local object corresponds

to the global one .
h

A
.

( Without a doubtl hp !

Then . .whatsense
?

Example
Consider the following polynomial .

f (xi9) = -에+21X 2
-
2 × 4ε Q [XiY]

.

Q
. Is there any rational solution of f ?



It we don't knowp -adicnumbers..

→ can
'

t deduce anything !

Bot, we knowp -adicnumbernow.

' N0 solotionin
⑫
! ! !



Back to Cho again , and see the second

question .

Existence of solwtion
QCX] - " ip[×]'
Ψ 아

ω < ω
? ?

Quadratic Forms
.



Def
. [ Quadratic Form]

Let k be a field
.

A quadratic form

over k is a polynomial of a form

5 /X: ) = a , X21 … - +anX 2 E KτXI , . .An]
.

For aEk
,
he call f represents a if there

exists (a.- ,an)Ekn such that

fla. - , an) = a .

Our Goal
.
Ilasse - Minkowski]

Let f be a quadratic form overh .

Then f represents o if and ony if

fr represents o for all vEU .



Example .

Consider the following quad ratic form

f (x:9, 2 ) = 5×
2
+ 7 92 - 1322

By H -M thm
,





APplications . [ For details, see ACA]
.

Thm
.

[Gauss]
In order that a positive integer be a

sum of three squares it is equivalent
to that it is not of the form

40 (8b - 1 ) with aibEa .

sketch of p2o0f .

Cor . [ Gauss]

Every positive integer is a sum of three

triangular numners.
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