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O. Introdoct+ion.

.. f(x)=)(3-2x+/7 in 2Cx] has
M7 Solu+ions  [n Z?

A» fol

Wiy



Thon-..

R: I+ F()ezCx] hls o colvtion in

ol 2/pz. ¥ hs o inteper
Solvtin?

An Nol why?

T Gink most pecple Win vead Fhis note
can make o  Counterexample

From fle previus 4o  questions, T com
/ntvoduce +HWo main questmms of i

Note.



& If we cocder #e fied & os
e  Qloba| object . 1hen Whot ore

Jocal  ones!

&2. At we hw ccon Buat /n He
cose of 2 ond Z/pz, e
exks tewe of solvtins  fs not
(0cal — global principle.

Bot, weuldtt |- pincdple hold +o-
Cer+ain kwmds of objesxs?



1. p-adic Integer

T+ Yev do Mot brw Wot s o projective
lint, comder [t IS s+ o geod alo@ioic
object ond ouv situetions in +hIS rete

)S Nice,

Ppef. [p-odic Tntegers]

Consider He following  (gurject+ive) inverse
s7stem. (05 a 2-modue cot)
An = Z/P"Z ; ¢n : An —An

N—" ~—

l

Conohiaa) map

e p-odic integer, Z, is a projecthe ('t
of Hhis grstem

e, Zp:= fl'." An
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X Tepolegy on Zp

@ Fr epch A, g disoete toplogy
on Jhem.

@ b Tochooft’s tm, Th is
(oMoc+

@ Gw o Cbgpace topdegy on Zp C TAn.

~ (Zp(is [ desed’ =7 (om poct |
(why?)



x Natural  Valvotion of Zp.

we need folbwing  proposirion.

4
PreP. a. e Zp s nertible

L Prx.
b. (et o©= vnits in Zp,
Evay nonzeo eement of Zp con
be Wwritten uwniqudy in the form
P'u ( we
no .

Pf) omitted here. Calwlation + Diagim
Chashg

Wih the propogi+ion, we Gan Caoclude that
Zp s DVR with & Valvertion Vp .

W: 2p > N U S}
° | > U
POF—— n




Det. C p-adic Nomber)
since Zp 15 o domain, We can think

I field of fwction) P-adic fied.
with Pe notuvel valvrhon, we olso jae

Bp:=B8(2) = Z,Lp']



X Metic I Bp
Yoote -that

. vp(49) = Vp (W+ Vp(4)
2 VplX+8) 2 Ins (Vp(4), Wply))

-~ We om defne a distance on Zp.

d(_,‘kl@) 3
The Subspace The topoegy
topley we detved Indvced by { )

on Zp

. 2Zpis Clg]l metnc space.
U



E xamples.

@ Chose a.e dp OM let gp=go- p”
Then  £man = gtw g PP, A

oo
= 0.

= Qo
Herce. Zon= _pm Qo (1-P7) _ 2o

o /-P /=P
Cortwst+ +o He Stumiar o /R.

n P oo in R
If P=3, G0

£ _ n

~ ,_3"‘2—_— ve‘mzs’

@ A@oa'm le+ P’%
s2 = |-3%42.3%+ 2:3 + |-3°

( 2= -|-3+]-3°
2 °
= (-1-342)-311'3°= -|-3 +2-3 +I3
& 2= 13°-(a3n23%

LY

| —6- 2= -2



@ Again, fix  P=3.
:2‘/7;6 = é—é.
6= 25/4- Vg
e A
22U
2 6
F= -5 )3 ¢
=t ==
o ]

= [-3°+ /'3""2'39-
t6( 12+ 1-3%+ -~ ) ez,



S fewto's Mletol in  p-adic Nomes
& Some  Soluhons

Return +o e intoducton, our porpose wes

i Fid & Solvttm”

Completeness (W.R. T Ganohicx) JWQ)
@ ey

m\g.” AUX] [ (22> = &0=)

Note Hhat @ is complete.



Thm.[hewton's  Medpod |
let FezD3, ') its deriwmte.

let xezp, NKEZ Sudh Dot
(ogakcn. f(x)=0 C"‘“'P")

Vp (F(M) =< k.
Then fHere exists Ye2zp suon Hot
flg)=e (mdp™) = ap (fy)) =k
Ve ond Gz (mod pr*)
Tim. [ Hesel's Cemmo |
Let F€2pLKp  Xon] = (i) &(20)”
nkeZ oand ) an imteper Such et
0L )EM. Suppose Hhat 0K 2k<N and

ot F(X)2O (m p1) ¥ Yl 25 (1))
Tlen fhee extte a zeve Y of £ in
@)" whch 5 g=x (md )



TIntvition, Compare +o - AVewton's Method,
4
IR

Classic Vs New
('in ’R) ( l‘Vl @l’)

5 s -Conti = 3. £ s in 2pCX]
" SW)=e <3
St —— - wp (M) =k
) Y
3 neighborheod For large N .
U of X sud Hat (= 2k<n)

Vaeu., (x¥)—ua [ sufficenty
Smd) p-odic 73d )

-~ xi’ —
2C)0.,



)?50" . Every simple 2ero of the redvction
modulo p of & pobnomial f [ifts +o
A 2ero of £ with coefficents 'n Zp.

Pf) Tawe n=) ad k=0 in Hensel'c
|emma.

Example. Le+ p=1

Corsider FX= X222 & 24CX]

TAen  f3) = o f'(3) +o. (Tn Zhp)

/

S Tlee exists Ye 2z, sud Hat
9*~2.

ZQZP and @ %QP

P-adic nomber is another way
+o extend B (Cwtdining Voots
not omdained in @



* Structre of Bp,
- No PPOO-P! —

Thm. &= [ Zx2pX Zfpyp it pr2.

ZxZ,x Z/22 if p=2

Bis js because, QO x Zx Uz2x(VxU,)

4 U,
vmd V= ( 2/)2/x2Zp  p#2
( /X ZaX Z/22 P=2,

with This one @n gGhow Tt
O R x=p'uc

‘ Square & N is euen
X 1S & 59 5l |
rage of W N

2/p-NZ s a squer,

)



@ In p=2, %= plue &,

K is squae € N is aen ond UZ]
(mod 8)

® W) is on open fbgoup of &

Alote $hat @ ad @ Jemds vs +o defne
ﬁ@@’c{)‘e 97Mbol on &p.

How?



Day2.
2. Hilbe¥Y+ $ymbol ond its properties,
Today, T will omt+ almost proofs.

et C Hilber+ Symbol]
L 2%- ax*- bx* hos a
(Orb) ( tl NontriVia|  So JutHon in 153
-] o therwise

(abee*, k= [Ror &p )
Reo

Milbet symbo] (an be consdered os a
denevolizotion of  Legendie srmbol.
T4+ will b6 a essentls] o] o
pove Hasse — minowskl  fheorem.

fotation V= {primes{ 0 §reol.



Eagy  propositiong
@ aber*. ky:= kK(UF)
Then (aw)=) <@ ae k¥

Orup of poms of Slemenis
in ks,

@ i) (ah)=0a) , (a,cV=).
i) (ar-a)=) , (a,1~a) =]
) (ah)= = (aohd)= [a',})
V) (am)= (a-ah) = (a, (1-a)})

Diffiort Thesvom. [ Formula of H S|

pr2 ~ (op= CRPEP (4)P ()"

P2~ (ah), = £) AVHITX ikt

2z
whee a=p*u, b= pP,V'

i+ O o b 2o

1 |
Poo ~ (4D = (-( K aogo Lo



¥ fMote thet, the SLormulos ako Show
et (ah)y is o bilinear mop

from KX/ E*x KT/ E* 4o S
b Although We do ot use this
'n His mote, It 18 important.
Thee ore Jundamenta) theoroms cabovt
Hillevt  symbols.
Thmi. [ PYOJUC‘I' FDYMUIQJ

1§ ane B, we hwe (a.h)q =
for almost ol v&€V and T lahv=)

Thm2. C AppreXimetion Theorem |

let S be o fulte suset of VU,
fle imoge of @ i ;r@,., ic done
in his P)odoc-r‘



Tma. Let+ (ai);exr be a finite fomily of
elemgnts in ¥ ond et (éi:'v)ier,mev

be o fomily of numbes with Valves StI?.

Then Heae oists  de BF Sud Hat
@s.X)w = %5y for a2l (2,v) e TXV,



2. Hoasse - Minkoweki  Theoren
ond Tts Applicatons.

Before prducing H-M thm, Qo back +o Hhe

Chopter O

Q| . What is the locxl object Cortsponds
to e Plodal one . &.

A (Withwt a dobt)  @p !
Hen... kot Sense?

'?E,' Xample ..

Consder e (ollowing.  poyromial.
$00X) = Y -n2 2% -2 4 € QYT

B Is tap any tional solution of 57



IF we dnt joow p-adic Numbers .

— (ot dedvce anything!

But, we low p-adic nvmber now.

= flo coloton i § I
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vef. [ Guadratic form])

Let k be o field. A quadmtic feym
O k is o pobmomial of @ form
5 (Xi)= 0, X214 + anx* € ETxi,-- %]

For ek, he call £ repregents o 15 Thae
€XNS (4, .an) EE"  such Hhet
‘f[ﬂn,'",an)‘=a.

Our Goa|. [Hasse - Minkowski |

let £ be o quudmtic fom oVl

7hien + represents 0 if ond oy if
fv tEPrEsents 0 fa- dl vEU.



E xampie .
Cosider the {following. quedrotic Jorm
$(XY,2) = sx*inYi-p22

By H-m tim,






Applicatins. [ Fov detuils, $e€ ACAT]

Tim LGausgs |

Tn order Heat o positie integer be o
cum ot three 4quats jt is quivaleAt
+o et it IS Nop of Hhe form

4% (gb-1) with obeZ.

gpetch of poot.

Cor. [ Gauss™)
Evey positie integer Is a Som of Hrce

+riangviav numpers.






