| turn with terror and horror from this lamentable

tinustpuBeditfentmieabilitytions with no

derivatives.
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eiershpass Femdtigetter to Thomas Joannes
Stieltjes about Weierstrass functions,
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What is Weierstrass function?

O

F(x) = Z a" cos (b"mx)
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F(x) = z a" cos (b"mx)

n=20

(0<a<1,bc YUY 5, ab> 1+37”)



Definition of limit of sequence



If some sequences of functions are continuos on real number,

then is its limiting functions continuos?

Nol!!

Because some sequences of functions can only be

pointwise convergence



What is the pointwise convergence?
Let fn(x): X—Y

Ve € X, lim f,(z) = f(z).

n—00
1f and only if

lim f, = f pointwise
n—0o0



What is uniform convergence?

Let {fn(x)} be a sequence of functions defined on a domain A,
For every >0, there exists a natural number N such that for all n>N
and for all x€A,
| falx)—f(x) | <e.
If this condition holds, we say that the sequence {f.(x)} converges uniformly to the
function f(x), and denote it by f,=3f.






Good properties!!

A limiting function that its sequence of function converges uniformly
has same continuity, anti-derivative, and integration

with its sequence of function.

Thus if sequence of function converges uniformly and it is continuous,

then limiting function is also continuous



Want To Show

 Thus, | want to show that Weierstrass function is uniform
convergence



Weilerstrass M-test

Suppose that (f,) is a sequence of real— or complex—valued functions
defined on a set A, and that there 1s a sequence of non—negative
numbers (M,) satisfying the conditions

o |fu(z)| < M, foralln > landallx € A, and
(0. @)

o M,, converges.

=1

Then the series

converges uniformly on A.



Applying M-test on the function
Let fu(x) = a"cos(b"nx), M, = a"
Since -1 < cos(b™mx) = 1, | fu(x) | = a" = M,

where ZMD = Zan . < oo
n=>0 n =10 l—a

Therefore Weilerstrass function converge uniformly on the set R

and so Welerstrass function is continuous



Differentiability

| would like to show there exist no X, contained in [

such that converge

- f(x) — f(=o)

L—>I() L — L




Differentiability

To handle it easily, make a sequence related with x,, in [

1 1]
2" 2

where o, € Z, m € N

T = 009 — vy, € (



Differentiability

To find left-hand and right-hand limit of derivative,

suppose two sequence y,, and z, such that

left-hand and right-hand limit:

YUn < o < Zm

m—> OO

1i1Tl|Zm_ x()| — 0

m—> 00



Differentiability

o, + 1
bm




Differentiability

a"'cos(b'ry,,) — ) a'"cos(b'mx,)
f(ym) _f(x()) o %X—:() ( HX_:O !

Y — Xy Ym ™ Lo

_cos(b"ry,,) —cos(b'nx,)

=1 y%,,z T .2:’0
L cos(b'my,) —cos(b'nx)) &  cos(b'my,,)—cos(d"mx,)

= a -I—Za

n=20 Ym — Lo n—=m Ym — Lo
m—1 cos(b"ry,,) —cos(b'nx,) & cos (" "ry,,) —cos (" "'rx,)
iy ((Zb)n m + Zan—l-m

n _
n=20 b <ym_l'0> 7= ) Ym — Lo
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Differentiability

n COS(b" Y, ) — cos(b" )

n+m COS(

b" (ym = 370)

bn-i-m

TYm ) — COS(

bn+m

7T$())

Ym — Lo



Differentiability for S,

n cos(b"my,,) — cos(b"mwxy)

(ab)"” sin

b" (ym == mO)

(bnﬂ-(ym -+ 330)
2

) s (500 =20

i (7l =)

2

_ (ab)" sin (bn”(

Ym T CEO)
2

mb" (ym = 370)
v

)



Differentiability for S,

m—1 m m
]SﬂgZW(ab)nl-l:W(ab) _1<7r(ab)
n=0

ab — 1 ab — 1

and so for appropriate scalar ¢, contained in (-1, 1) we can denote S, as:

g — m(ab)™

_elab—l




Returning to S;

; — .. cos(b" " y,,) — cos(b" T wrxy)
, )@ .
) Ym L)
Replace it
am T ].

bm



Differentiability for S,

Since a,, is integer and b is odd number,

COS(bn+m7Tym) — COS(bnﬂ'(am . 1)) _ (_1)bn(am—1) — (_ 1)am—1 — _(_1)01771,

By trigonometric function Sum formula

b" M rxgy) = cos(bmw(z, + am))

cos(
= cos(b"7x,,) cos(b"way,) — sin(b"wx,,) sin(b"way,)
Since 5" is integer, sin(d”"7x) =0 and so
= (—1)""% cos(b"rz,,) — 0

= [—1)"*coslD " m2:)



Differentiability for S,

Therefore S) could be denoted as

n=0 o

$5 grom =1 = (1) conlinz)
— a

n=>0 =8

s 1-tcesit zn.)
m( 1 @y, n m
(@b)" (—1) n;)a Tz




Differentiability for S,

Z 14 cos(b"mxy,) . 1 + cos(mxy,)
a"
1+ z,, - 1+ z,,

R 1
Za 1 + cos(b"mxy,) > 1 + cos(mx,) > 2
1+ 2z, 1+, 1 3






Differentiability for S,

and so for appropriate scalar y.>1 we can denote S, as:

2
S2 = (ab)m(—l)a"’M1§



Differentiability S1+S,

f(Ym) — flzo) _ S, 4, — elﬁ(ab)m -

- (@) (1)

Ym — L0 ab — 1 3






f(ym) — f(z0)

> (ab)™ (

Ym — Z0 3 ab-—1



pathological function




Let C(|0,1],R) be a set of continuous functions f :{0,1] = R
The nowhere dif ferentiable functions are most of C(|0,1],R)



