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Why should we learn polar code & What is polar code

Analog signal vs Digital signal
Analog to Digital

Digital signal

Error correction code

— Hamming code

— Polar code
* Encoding
» Decoding
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Analog signal vs Digital signal

Analog signal: Continuous signal that varies smoothly over time (= A2, A&l
Digital signal: Discrete signal (001101010110111)
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Error correction code(ECC)
Ex) Polar code, Hamming code
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Error correction code

Hamming code (ex (7,4) 2 ZE4 HIE HE, 7HIE £3))

Information: 4 (1,0,1,1) 1 1.1 0 0 0 O Mod 2
Parameter: 3 (1,2,4% X)) 1 0 01 1 0 0] _n.
[d1;d2;d3;d4] [1’0’1,1] O 1 0 ] O 1 O —[0'1'1'0’0’1’1]
1 1 0 1 0 0 1

[PLPdehz: ds,dg]
pp=d;+dy+d,
p, =d; +ds+dy
s =dy, +ds+d, If) d2->1 (error)

[0,1,1,0,0,1,1] -> [0,1,1,0,1,1,1]
1. pl,p37|' OléDI-_ucﬂ-E”
2. p1(1H)+p5(41)=5H 0| M| L FLCH
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Polar code

Encoder( Jt& Z2HEet case)

d = Uu- GN
N=4
(1 0 0 O
1 1 0 O
[uo,ul,UZ,U3] 1 0 1 0
1 1 1 1.
= [(uo Du Du, D u3); (u1@u3); (uz @ug); Us]

Q: Uzt 7|2 _
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u: input vector
Gy: generator matrix(N = 2™)

1 0
GN=Gz®n: Gzz[l :

.- [} Yalt -

1 0 0 O
1 1 0 O
1 0 1 O
1 1 1 1]
G8 — Gz ® GZ ® GZ
1 0 0 0 0 0 0 O
11 0 0 0 0 0 O
1 01 0 0 O O0 O
_11 111 0 0 0 O
1 0 0 01 0 0O
1 1 0 0 1 1 0 O
1 01 01 0 1 0
1 1 1 1 1 1 1 1
()®: Kronecker power
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Polarized channel

Xor Second ul Xor Second ul
Uy D uy T channel channel modulation channel channel modulation
N O O O O O O

Uy
Channel error O X X 0 < o
rate: p

X X X X X X
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« If) channel error rate 0.8 (BEC)

Code rate: information/N

frozen f\ 0.96 fb\9984
\/ \V Mztsig 5 e HE
/\ 27 X|
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frozen

N
| - 0.64 [/ I)8704
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Decoder
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SC decoding
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Transition probability & LLR

Transition probability

LLR
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LLR (at AWGN)

° N=2

( 1
W2 01,72 10) = Z W ilue @ u)W
b u; €{01}
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Wz(l) V1,2 luy) = EW()’1 lup @ uW(y,
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SCL decoder (Successive Cancellation List)

SC decoder problem: Limit of locally optimal search, in many cases the SC decoder cannot find

the correct decoding path

1.00
@ visited node ; ,,/ .
O non-visited node uy ‘0/ 1 W
0.60 7 — 0.40
Level 1 N 0 2 | 7) 1
0 1
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Level 4 ..@'I..“........
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SC + List
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g 5 % "
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o 060 = T 7 0:40
i, . / 1 &) 8,
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Output=(0010) Candidate 1=(0010) Candidate 2=(1000)
Fig. 3. Example SC searching process over code tree for n=4 polar code, Fig. 4. Example SCL searching process over code tree for n=4 polar code
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SC decoding (N =4,L = 1) SCL decoding (N =4,L = 4)
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CRC-aided SCL decoder

Improve SCL

Example)
Suppose N=16, L=4, CRC bit= 001

N=16 => code length is 16
L=4 => save 4 path
CRC bit=001 => 2 A& BIE 3IHE EHHRI XI= OIS CHZ/ Ot Gl Al O & 2F 30H)

if decoder result
(0,0,1,1,1,0,0,0,0,1,1,1,1,0,1,1) => good
(0,0,1,0,0,0,0,0,1, 1, 1,0,1,1,0,0) => good
(1,0,1,1,1,0,0,0,1,1,1,0,0,1,0,1) => bad
(1,1,0,0,1,1,0,0,1,1,0,0,1,1,1,1) => bad

SCL +

0¥
=
0
>
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Polar codes are the
first class of
channel codes that
are

theoretically proven
to achieve the
Shannon limit for a
large

class of discrete
memoryless
channels [1]
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pg-expansion A Theoretical Framework for Fast and Recursive Construction

e Study purpose (X)

e UPO(UNIVERSAL PARTIAL ORDER)
B-EXPANSION(PW algorithm)
 Example of fast construction(AWGN)
 Result(GA vs PW)
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Purpose

* Analyze the properties of universal partial order (UPQO) and discover
that UPO has an inherent recursive structure.

« Explore the theory of polarization weight algorithm by introducing a
number theoretical concept called f-expansion.

« Find that polar codes can actually be efficiently constructed from UPO
by applying f-expansion at each recursive step with a carefully chosen

Y
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UPO

 Partial order of reliability measure exists for any symmetric channels with binary
inputs. [1]

 Reliability relation determined by applying the following rules. [2]
1. Addition
(a, b, 1, c) less reliable than (4, 4, 0, ¢), "1 > 0”
ex)
2(0,1,0)<3(0,1,1),
9(1,0,0,1)<15(1,1,1,1)
2. Left-swap
(a, 0, b, 1, ¢) less reliable than (¢, 1, 4, 0, ¢), "0..1 <1..0
ex)
2(0,1,0)<4(1,0,0)
12 (0,1,1,0,0) <24 (1,1, 0, 0, 0)
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* Properties of UPO

— Nested: Orders determined for a code of length & remain unchanged in code
length of 2NV

— Symmetric: Order of x < y and the order of (N —1-x) > (VN —-1-y) are twin pairs for
a polar code of length NV

N=4s ( g (O UPO from N/2
\_ () Copy of UPO from N/2 (with index+N/2)
UPO; = {{O 1}} '\3} — New order when constructing N from N/2
UPO, = {{0,1},{1,2},{2,3}}, N=8 O—1—(
UPO; = {{0,1},{1,2},{2,3}, (2,4}, {3,5}, ﬂ
{4,5},{5,6},{6,7}}, 3;—ﬂ\>—>QD—*tv

UPO, = {{0,1},{1,2},{2,3},{2,4},{3,5},

N=16: O©—1—2) (8) f\g\ﬁ:go\ i2
(4,5}, {5,6},{6,7) \
{4,8},{5,9},{6,10}, {7, 11}, /\ 1)

@D— )
{8,9},{9,10},10, 11}, {10,12}, {11, 13}, B~
(12,13}, {13,14}, {14,15}}
N=32: (@02 1‘—*(
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L-EXPANSION (PW algorithm)

« Definition

w., n L
fP:x —» XiLib;if Ex) (B=2)45=1x25+0x 2%+ 1x23 +1x22+0x 2+ 1 x 2°
* Proposition

— Nested structure: PW algorithm preserves the feature of nested code
construction

— Any sequence derived from PW algorithm respects the UPO of polar codes

Question

Which value #should take such that PW algorithm or f~expansions can give a
good sequence

@ Communication and Coding Theory Lab 31



Example

° n=3

UPO; = {{0,1},{1,2},{2,3}, (2,4}, {3,5},
(4,5}, {5,6},{6.7}},

By solving x2 —x—1=0

If B €(1,1.618) > f+1> B
0 »1-22-24-23-55-26-7

If B € (1.1618,inf) - B+1< B
0 51 525354555657

@ Communication and Coding Theory Lab
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Example

° n=4

UPO, = {{0,1},{1,2},{2,3},{2,4}, {3,5}, Oy = N g

{4.5). 15,6}, beta>1.839: O—1)—2) @) &) 0 ‘E @ b
(4,8, (5,9}, & DO
{8,9},1{9,10} @D -1 O G—U0U—-G
{12,13}, {13, 1618<beta<1.830: @D—=D—>@Q @ @ @O—0O @

| D -0 0 0 B-0-C _’1 ;

By solumg 1.466<beta<1.618: (O—=D—D—® @ @ WO—=2 ’
—® ©® © O~

x3—x2—x—-1=0

1
1.325<beta<1.466: O)—1)—2)—=0) ® O—0 ﬁ=1_1892z21
x3—-x2—-1=0 (2) ‘/‘ I ’/‘
9600119@@@

x2—x—1=0 (3)

1<beta<1.325: (O3 @O—=10—(2
x*—x—-1=0 (%) M_Z—I—Z—Q—“
O O OO 2 B B O 6

— Order from UPO — Order obtained from solving polynomials

=
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Result

SNR (dB)

—&— GA CRC19, N=64
—8— GACRC19, N=128 H

&— GA CRC19, N=256
—5— GA CRC19, N=512

&— GA CRC19, N=1024 [
— PW CRC 19, N=64
— PW CRC 19, N=128

— PW CRC19, N=256 [

m—— PW CRC 19, N=512

—— PW CRC19, N=1024

1 1 1
100 200 300
Block-length

1
400

500 600

Compare the performance of GA[3] and low-complex F-expansion construction with 5

= 1.1892 for the AWGN channel with QPSK and target block error rate (BLER) of

0.001
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Genetic Algorithm-based Polar Code Construction for the AWGN Channel

e Study purpose (x)

 Genetic algorithm-based polar code construction
— Initialization
— Mutation

— Crossover
— Selection and population update

e Simulation result over AWGN
e conclusion

8 Communication and Coding Theory Lab
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Study purpose

« Design method that considers the decoder and_improves the overall performance
is an important step for future polar code applications

* In this work, we propose a new framework for polar code design matched to a
specific decoding algorithm embedded in the well-understood Genetic Algorithm
(GenAlg) context.

Final result
polar code of length 2048 with code rate 0:5, without the CRC-aid, tailored to plain
successive cancellation list (SCL) decoding, achieving the same error-rate
performance as the CRC-aided SCL decoding
&
Belief propagation (BP)-tailored polar code approaches the SCL error-rate
performance
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At Algorithm Channel Decoder Minimum complexity
dependent optimized distance improved
« Ded Arikan (I(W), Yes SC only No High
— 9 Z(W))
— § Density Evolution Yes SC only No High
— ¢ [ Gaussian
. Approx
* Inf No MAP/SCL Yes Low
A= RM rule
=
froi Hybrid Polar-RM No SCL(with out Yes Medium
CRC)
« Cor ———
LLR-based / Yes BP/SCL Yes Medium high
— ¢ Monte Carlo
- Polarization No Mainly SC No Very low
— N Weight (PW)
Il Partial Order Structural only General No low
— (¢ (Synth. Channel

Order)
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‘The code construction can be considered as an optimization problem,
where the objective is to find the optimal set of k good positions in a
set of indices{], ..., N}

Aopr = arg “zn BER(A) or BLER(A)

N
Subject to Zai —k, a; €{0,1)

=1

1. Deep Learning Based Polar Code Construction for 5G
and Beyond
2. Learning to Construct Polar Codes

3. Gradient-based Optimization of Polar Codes

6 Communication and Coding Theory Lab



Genetic algorithm-based polar code construction

 |nitialization (2 2 += MEHS 7{L[?)
“ Population P;,;.is initialized with a sufficiently good collection of estimated A-vectors”

N

1. Based on the Bhattacharyya construction [1] obtained for BECs with various erasure probabilities.

&

2. Based on hybrid RM [2] obtained in the SCL-tailored polar code construction phase

@ Communication and Coding Theory Lab



 Mutation, Crossover

X (00010111
l Mutation

m

)

Y |01010111
l Adjust rate

Z | 01000111

(a) Mutation
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X |00010111

00001111

@Ssolly
C

:

Y |00011111

l Adjust rate

Z (00011101

(b) Crossover




« Selection and population update
— The fittest T A-vectors are always pushed forward as members of the new population
— Crossovers are applied between each pair of the fittest T A-vectors, resulting in new (g) offspring

— Mutations are applied on the fittest T A-vectors, resulting in new T mutated offspring

new population S

T)”:m

S=T+(2 .

8 Communication and Coding Theory Lab
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Simulation result over AWGN

Decoder
—— BP (Nil.max - 200)
—e— BP (Nit max — 200)

SCL (L =32)

Construction @ design SNR

Tal and Vardy [20] @ 2dB

GenAlg|@ 2dB
Tal and Vardy [20] @ 2dB

l

\
1 1.4 1.8 2.2 2.6

Eb/N() [dB]

BER comparison between a code
constructed via [20] and a code
constructed using our proposed GenAlg
under BP decoding

GenAlg is better than Tal and
Vardy[20]

3 Communication and Coding Theory Lab

Decoder Construction @ design SNR
—— SCL. (L.=32) Tal and Vardy [20] @ 2dB
—— SEL (L.=32) RM-Polar [15] @ 2dB
2 — o SCL (L = 32) GenAlg|@ 2dB
- %= SCL+CRC-16 (L=32) Tal and Vardy [20] @ 2dB

\
| 1.4 1.8 2.2 2.6 3
Ep/Np [dB]

BER comparison between a code
constructed [20] and a code constructed
using our proposed GenAlg under SCL (L
= 32) decoding.

SCL achieving the same error-rate
performance as the CRC-aided SCL
decoding 43



Conclusion + «

Distribution of frozen bit-channels over the N synthesized virtual
channels

(a) Frozen channel chart based on Arikan’s Bhattacharyya
bounds [1] @ 3.6dB Property

1 = 2033
_ 1. The conventional construction
16 | 5048 techniques ([1], [20]) assume that an
SC decoder is used. Thus, yield very
_ 033 Similar A-vectors shown in Fig. 5a and
Sb
2. A-vector tailored to BP decoding

(b) Tal and Vardy [20] @ 2dB

- 2048 .
and SCL decoding has a much
S different frozen bit-channel distribution
e, wlomtel as shown
A in Fig. 5¢c
==, o771 2048 .
() GenAlig ST wiland @ 04l GenAlg-based polar code construction
1 T

by = 2033 takes the decoding nature into
- ; i consideration while constructing the
16 - - — 2048 code
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£ &2 & & Z Bhattacharyya J|8t + RM J| Bt + 2f2t0] (2 H 22 24 6H GAJL
e 22822 & =8 by Decoder-Tailored Polar Code Design Using the Genetic
Algorithm (28 & Z28 2 ==& x)[3]
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e Study purpose(x)
* Viewing polar code construction as a game
 Reinforcement learning algorithm

— Reinforcement Learning Basics

— SARSA(A) with Eligibility Trace

— Equivalence to Polar Code Construction Problem
 Simulation results



Study purpose

*« Formulates the polar-code construction problem for the successive-cancellation list (SCL) decoder as a
maze-traversing game(solved by reinforcement learning techniques)

« Sorting and selecting bit-channels by reliability — decides whether the input bits should be frozenin a
purely sequential manner

« Simulation results show that with a moderate amount of training, the game-based polar-code
constructions can match current standard constructions for SC decoding, and outperform the standard

construction with SCL decoding.
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AHS K] &
« Standard construction(x)
— Gaussian approximation of density evolution [1], and upgrading/downgrading of channels [2]
— machine learning were used to construct codes for specific decoders[3]
« Decoder
— SCL without assistant bits
— CRC-aided SCL(CA-SCL)
— SCL-Genie: Correct codewords are known for the training samples.(0| 0| & & code wordE Ot= CIZ2 )

0t | TN FER of P(N,K) under the SCL-Genie
! . decoder is almost identical to the FER of
2 57 \\ P(N,A + P) under the CA-SCL decoder
B 1 Wy whenK=A+P
Pell B sl gk Wik, = Learned code construction from the
| —+ P(128,56+8), CA-SCLA \ game by SCL-Genieis nearly optimal for
| e P S P(N,A + P) under the CA-SCL decoder
| . 3 . (CRC-SCLX &= 0| R)
SNR [dB]
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Polar Code Construction Game

= Polar code construction game o 1 2 3 4 s
— Environment: A maze with height N -K+1 and width K + 1. ‘B
~ (0,0)A1 > (K, N-K)Z B
— Rule: Algorithm1 * |
— Reward: Associated with SCL-Genie 3 S T

Fig. 3: An example of a polar code construction game for
P(8,5). The action list is {down, down, right, right, down,
right, right, right}. The corresponding nonfrozen bit positions

* Reward generation via SCL-Genie decoder(X) are {2.3.5,6.7).
— SCL-Genie
* Decoding sequentially
* Independent of how frozen and nonfrozen bits are distributed after it
— Reward generation process
» Selected actions are penalized when the SCL-Genie decoder fails to decode the correct codeword

« Terminated after the decoder drops the correct codeword (SC-based decoders only append new
bits after the already decoded bit stream, and no previous decisions will be altered

— Goal: Find the best path that yields the highest expected return
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Algorithm 1: Reward generation at step &

)

Input: step k. action a
Global Variable: PM list. survival path list
Output: reward r, termination flag F’
if £ =0 then
Transmit all-zero codeword through the channel
Initialize the SCL-Genie decoder with the received
LLR
end if
if @ = 0 then
Decode the k-th bit as if it is a frozen bit
Update the PM list and the survival paths
else
Decode the k-th bit as if it is a nonfrozen bit
Update the PM list and the survival paths
Check if the all-zero codeword survives
if all-zero codeword is dropped from the list then
Set r = —1, F = True
Clear PM list, survival path list
return (r, F)
end if

- end if

Setr =10
if k=N —1 then
Set F' = True
Clear PM list, survival path list

2 end if
3 Set F' = False

return (r, F)

@ Communication and Coding Theory Lab

Transmitting all-zero codeword d
| St 7 St+1
Interpretation l

A. Definition of Terms
B. Tt.

1. First step(k=0)

2. a=0(frozen)

3. a=1(nonfrozen)

4. If all-zero code word is droken — r=-1§ end

5. if all-zero code word is not droken — r=0 & continue
C. Last step (k=N-1)

Environment: States, € S
Action: a, € A accordingto policyr:S - A
Return:R = Y1_,yir.4
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Reinforcement learning algorithm

At
 ReinforcementLearning Basics l
— Environment: States, €S St 7 St+1
— Action: a; € A accordingto policyr: S - A T'l
t-

- Return: R = ZZZO )/tTH_l
— 71 : Discount rate (how much the agent weights the future reward, T: End time

— Agent policyr is derived from value functionQ : S X A —» R which approximates the
expected return when taking action a from state s

- Q"(s,a) = E X4 yiry i |se = s,a, = a] (Hol 2ael Edi
— Q™(s,a) = E[ryy1 + ¥Q™(S¢11,7(Se41)se = 8, Jt = q] (CF2 E¥) @M +olef gDt
— €= greedy policy

argmaxQ(s,a) 1_
n(s) = acA
randoma € €

Goal: Optimize its policy ™ to maximize the expected return E[R]

6 Communication and Coding Theory Lab
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o0
i(s,a) = (L=E | y'r(se.a) | 7, s0=s,a0=a

e .

Q" (s,a) = (1 —)r(s,a) + VEynp(isa) [V (5)]

Stochastic
by LLR
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« SARSA(A) with Eligibility Trace

1. SARSA . B s,

s—oa—->r->s —>a . HM UE 4,
« B Ren

o CFS2MEY: S,

¢ EI-%@%: At+1

by
2t MER ME] SO|E

(TD update)

=
~

6 Communication and Coding Theory Lab

e- greedy policy

St,at) < Q(Sp,ar) + plres1 + ¥Q(Sts1,Arv1) — Q(Se, ar)]

A=@l2H 242 S8&)
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Simulation results

e SARSA [0,0,0,0]2 & 2WH=D]| /8 polar construct [0, 0, 1, 1]
?(Hl ]Arlozen, 1:information
r=—1(&%),r=3(81H
p=057y=09 Q(spar) < Q(spar) + plresr + vQ(Sev1, Arv1) — Qs ar)]
\ 7145 0(s,a) =0
Step 1 [1,0,1,1]

A

0 0 1 AH -1

Step 2 [0,0,1,1]

0| 0 0 A 0 1 0
1 1 0 A 0 2 1
2 2 1 AH 0 1
3 3 1 AE 3
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Step 3 [0,1,1,1]

0 0 0 a7 0
1 1 1 AR -1
| s |a=0[ a1 ]
0 0 | -05
1 0 | -05
2 0 0
3 0 1.5

6 Communication and Coding Theory Lab
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Step 4 [0,0,1,1]

0 0 0 A 0
1 1 0 a3 0
2 2 1 AE 0
3 3 1 AE 3

Step 5 [0,1,1,1]

6 Communication and Coding Theory Lab

0 -0.225 -0.5
1 0 -0.75
2 0 0.675
3 0 2.25
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If)

3.0
25 F

201

= 15}

AL
()

7' 10k

C

7'_ 0.5 B
HA

0.0

—0.5F

—1.0[

Q(s,a) Value Evolution over Episodes (SARSA)

NEREREN

OO ONNOINONOINONG)

1.5 -1.0
1.7 -1.2
-0.5 2.0
-0.3 2.8
50 100 150 200 250 300 350
step
58
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2. Eligibility trace

Captures the current game’s historical trace and assigns credit to every state-action pair
(U HAoSUHE ets tls 8E)

If)

E.(s,a) = yAE,_1(s,a) + f(s; =s,a; = a)

A 10,0,1,1,v=1 1=0.8

E,[0,0] = 1
E2 :110: — 1) EZ :0;0:
E3 :2,1 — 1,E3:1,0:

E4 :3,1 — 1, E4 :2,1:

6 Communication and Coding Theory Lab

= 0.8
= 0.8,E5[0,0] = 0.82
= 0.8,E,[1,0] = 0.82,E,[0,0] = 0.83

. A7\
(Ey(s,a) =0,V €S,a€A)
« f(-) = indicator
function

1
0

Al time tO|A] (s,a)E
HERRO M 10IL[H 0

e A

How much agent would change
the value function of early state

S8



. SARSA + Eligibility Trace

Step 4 [0,0,1,1]

0 0 0 A 0

1 1 0 LA 0

2 2 1 AR 0

3 3 1 AH 3
If) t=3

0,0}
1,0}
2,1]
3,1]

0.83

=1
=1,E,
= 1,E,
= 1,E,

Or =Te1 T YQ(Str1, Arv1) — Qlse ar)
Ei(s,a) =1AEi(_1(s,a) + f(sy = s,a; = a)

Q(S, a) < Q(S, a) T p6tEt(S: Cl)

0,0,
11,0]
2,1]

= 0.8
= 0.8,E3[0,0] = 0.82
= 0.8,E,[1,0] = 0.8%,E,[0,0] =

3,1) 2.25 0.5 0.5%2.25x1=1.125
@2,1) 2.25 0.5 0.5%2.25x0.8=0.9
(1,0) 2.25 0.5 0.5%2.25x0.64=0.72
(0,0) 2.25 0.5

0.5%2.25%0.512=0.576 60




step 4, t=3 »

(t=30Il Al 20| Of R &ICH!)

@ Communication and Coding Theory Lab

[
[
[0
[

- (3,1)(2,1)(1,0)(0,0) : &=
0010] - (3,0)(2,1)(1,0)(0,0): =
000*] - (2,0)(1,0)(0,0): 2=
1**1 - (1,1)(0,0): =
1%*%] > (0,1): Sarsa(y)
0 0+0.567 -0.5
1 0+0.72 -0.5
2 0 0.675+0.9
3 0 2.25+1.125
Step 4= t=30{| Al 24t
0] 2t t=0, t=1, t=2, t=32| 20|
sk )| & CHI
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(=]
[
~N
w
- b
(%)
o
~J
[=-]

(a) SC

N=16(info:8, frozen: 8)
2t AEROIIA] LLROY| [TF2} a=0, 1Q1X| A E|=0| o|of 2t Q Z+S YHO|E EIC

n(s) = argmax Q(s, a)

2= 2 &EfollM S0 2= LLR gtoll w2t o dzo| 7HE £2 K| L=
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RL(N to 2N)

gk Al
1. n(t) » w(2t),m(2t + 1) 2, 2iH18| L2 =5 12 X
2. B-expansionO|L} partial order 7|2t 23 [4] N—2N

@ Communication and Coding Theory Lab
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