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Why should we learn polar code & What is polar code

• Analog signal vs Digital signal
• Analog to Digital
• Digital signal
• Error correction code

– Hamming code
– Polar code

• Encoding
• Decoding
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Analog signal vs Digital signal

Analog signal: Continuous signal that varies smoothly over time (목소리, 사진)
Digital signal: Discrete signal (001101010110111)
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여러가지 이유 
때문에Digital 이 더 

좋다

추가로
Analog -> Digital



Digital signal
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발표 내용
Information source(보내고 싶은 내용)에 encoding 단계에서 어떤 장난을 쳐야 channel 통과시 
발생하는 오류를 잡을 수 있을까?

Error correction code(ECC)
Ex) Polar code, Hamming code

encoding

decoding



Error correction code

Hamming code (ex (7,4) 해밍 코드(4 비트 정보, 7비트 부호))
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한계: 비트와 패리티 동시 오류, 최대 인식 2개, 최대 정정 
1개

Mod 2



Polar code

Encoder( 가장 간단한 case)
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Q: U값 끼리 
합쳐서 보내면 
뭐가 좋을까?
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Polarized channel
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Xor
channel

Second
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Xor
channel

Second
channel

u1
modulation

O O O

O X O

X O O

X X X

   

(u2 디코딩 한다는 소리는 이미 u1은 
디코딩이 끝났다는 소리다)

Channel error 
rate: p

 

 



• If) channel error rate 0.8 (BEC)
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0.64

0.64

0.96

0.96

0.4086

0.8704

0.9216

0.9984

information

information

frozen

frozen

Code rate: information/N

Hamming code: 검산 할 수 있는 장치 추가
Polar code: 좋은 channel을 고르자

생각 해볼 수 있는 변수 
2가지



Decoder 
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SC decoding

• N=4
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Transition probability & LLR
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Transition probability

LLR

 

 

 

 

 

 



LLR (at AWGN)

• N=2
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예시)
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사실 앞 그림의 화살표는 U의 값이 이동하는게 아니라 LLR이 이동하는 것이다!
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Q: SC decoding 과정과 LLR의 구하기 위한 Transition probability의 과정이 조금 다른 거 같다?

사실 polar code 최적 성능은 ML(maximum likelihood) decoding을 해야 한다. 
그리고 이때 정확히 transition probability 기반 LLR을 사용한다 하지만 ML은 복잡도가 
너무 커 근사시킨 모델인 SC decoding을 쓴다

Q: SC decoding에서 LLR을 이용해도 되는 거냐?

SC decoding에서 쓰는 LLR 계산 공식은 무작정 근사한 게 아니라,
polar code의 재귀적 채널 구조(factor graph)를 이용해 transition probability를 엄밀히 
유도하여 근사한 결과입니다 => 가능
수학적 증명 [1]



• N=8
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SCL decoder (Successive Cancellation List)
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SC decoder problem: Limit of locally optimal search, in many cases the SC decoder cannot find 
the correct decoding path

[2
]

SC + List

각 단계에서 가장 높은 
확률만 살아남음!

가장 확률 높은 놈 + L-1 
개만큼 추가 생존
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CRC-aided SCL decoder
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Improve SCL

Example)
Suppose N=16, L=4, CRC bit= 001

N=16 => code length is 16
L=4 => save 4 path
CRC bit=001 => 검사용 비트 3개를 넣어라(위치는 마음대로/ 아래 예시에선 앞 3개)

if decoder result
(0,0,1,1,1,0,0,0,0,1,1,1,1,0,1,1) => good
(0,0,1,0,0,0,0,0,1, 1, 1,0,1,1,0,0) => good
(1,0,1,1,1,0,0,0,1,1,1,0,0,1,0,1) => bad
(1,1,0,0,1,1,0,0,1,1,0,0,1,1,1,1) => bad

SCL + 검산 요소



성능 비교
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Polar codes are the 
first class of 
channel codes that 
are
theoretically proven 
to achieve the 
Shannon limit for a 
large
class of discrete 
memoryless 
channels [1]

information & frozen 
배치를 어떻게 
구할까?



추가 연구
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Reference 

[1] E. Arıkan, "Channel polarization: A method for constructing capacity-achieving codes for symmetric binary-input memoryless 
channels," *IEEE Transactions on Information Theory*, vol. 55, no. 7, pp. 3051–3073, Jul. 2009.
[2] B. Yuan and K. K. Parhi, “Successive cancellation list polar decoder using log-likelihood ratios,” IEEE Transactions on Signal 
Processing, vol. 61, no. 19, pp. 4844–4856, Oct. 2013.
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𝛽-expansion A Theoretical Framework for Fast and Recursive Construction

• Study purpose (X)
• UPO(UNIVERSAL PARTIAL ORDER)

• 𝛽-EXPANSION(PW algorithm)
• Example of fast construction(AWGN)
• Result(GA vs PW)
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Purpose

• Analyze the properties of universal partial order (UPO) and discover 
that UPO has an inherent recursive structure.

• Explore the theory of polarization weight algorithm by introducing a 
number theoretical concept called 𝛽-expansion.

• Find that polar codes can actually be efficiently constructed from UPO 
by applying 𝛽-expansion at each recursive step with a carefully chosen 
𝛽.
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사전지식
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UPO

• Partial order of reliability measure exists for any symmetric channels with binary 
inputs. [1]

• Reliability relation determined by applying the following rules. [2]
1. Addition
(𝑎, 𝑏, 1, 𝑐) less reliable than (𝑎, 𝑏, 0, 𝑐), ”1 ≻ 0”
ex)

2 (0, 1, 0) ≺ 3 (0, 1, 1),
 9 (1, 0, 0, 1) ≺ 15 (1, 1, 1, 1)

2. Left-swap
 (𝑎, 0, 𝑏, 1, 𝑐) less reliable than (𝑎, 1, 𝑏, 0, 𝑐), ”0..1 ≺ 1..0
ex)

 2 (0, 1, 0) ≺ 4 (1, 0, 0)
 12 (0, 1, 1, 0, 0) ≺ 24 (1, 1, 0, 0, 0)
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• Properties of UPO
– Nested: Orders determined for a code of length 𝑁 remain unchanged in code 

length of 2𝑁
– Symmetric: Order of 𝑥 ≺ 𝑦 and the order of (𝑁 −1−𝑥) ≻ (𝑁 −1−𝑦) are twin pairs for 

a polar code of length 𝑁
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𝛽-EXPANSION (PW algorithm)

•  
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Example

• n=3
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Example

• n=4
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Result

Compare the performance of GA[3] and low-complex 𝛽-expansion construction with 𝛽 
= 1.1892 for the AWGN channel with QPSK and target block error rate (BLER) of 
0.001
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Genetic Algorithm-based  Polar Code Construction for the AWGN Channel

• Study purpose (x)
• Genetic algorithm-based polar code construction

– Initialization
– Mutation
– Crossover
– Selection and population update

• Simulation result over AWGN
• conclusion
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Study purpose

• Design method that considers the decoder and improves the overall performance 
is an important step for future polar code applications

• In this work, we propose a new framework for polar code design matched to a 
specific decoding algorithm embedded in the well-understood Genetic Algorithm 
(GenAlg) context.

Final result
polar code of length 2048 with code rate 0:5, without the CRC-aid, tailored to plain 

successive cancellation list (SCL) decoding, achieving the same error-rate 
performance as the CRC-aided SCL decoding

&
Belief propagation (BP)-tailored polar code approaches the SCL error-rate 

performance
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사전지식

•  
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Algorithm Channel 
dependent

Decoder 
optimized

Minimum 
distance improved

complexity

Arıkan (I(W), 
Z(W))

Yes SC only No High

Density Evolution 
/ Gaussian 

Approx

Yes SC only No High

RM rule No MAP/SCL Yes Low

Hybrid Polar-RM No SCL(with out 
CRC)

Yes Medium

LLR-based / 
Monte Carlo

Yes BP/SCL Yes Medium high

Polarization 
Weight (PW)

No Mainly SC No Very low

Partial Order 
(Synth. Channel 

Order)

Structural only General No low



•  
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Subject to
 

 

1. Deep Learning Based Polar Code Construction for 5G 
and Beyond
2. Learning to Construct Polar Codes

3. Gradient-based Optimization of Polar Codes



Genetic algorithm-based polar code construction

•  
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1. Based on the Bhattacharyya construction [1] obtained for BECs with various erasure probabilities.

2. Based on hybrid RM [2] obtained in the SCL-tailored polar code construction phase

&



• Mutation, Crossover
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•  
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new population S
 



Simulation result over AWGN
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BER comparison between a code 
constructed via [20] and a code 
constructed using our proposed GenAlg 
under BP decoding

BER comparison between a code 
constructed [20] and a code constructed 
using our proposed GenAlg under SCL (L 
= 32) decoding.

SCL achieving the same error-rate 
performance as the CRC-aided SCL 

decoding  

GenAlg is better than Tal and 
Vardy[20]  



 

Distribution of frozen bit-channels over the N synthesized virtual 
channels
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Property

1. The conventional construction 
techniques ([1], [20]) assume that an 
SC decoder is used. Thus, yield very 
similar A-vectors shown in Fig. 5a and 
5b
2. A-vector tailored to BP decoding 
and SCL decoding has a much 
different frozen bit-channel distribution 
as shown
in Fig. 5c

GenAlg-based polar code construction 
takes the decoding nature into 

consideration while constructing the 
code



추가연구

부모 노드를 Bhattacharyya 기반 + RM 기반 + 약간의 다양성으로 구성하면 GA가 
매우 효율적으로 작동함 by Decoder-Tailored Polar Code Design Using the Genetic 
Algorithm (경험적 결론임 수학적 x)[3]
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Construction of Polar Codes with Reinforcement Learning

• Study purpose(x)
• Viewing polar code construction as a game
• Reinforcement learning algorithm

– Reinforcement Learning Basics
– SARSA(λ) with Eligibility Trace
– Equivalence to Polar Code Construction Problem

• Simulation results
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Study purpose

•  
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사전지식

• Standard construction(x)
– Gaussian approximation of density evolution [1], and upgrading/downgrading of channels [2]
– machine learning were used to construct codes for specific decoders[3]

• Decoder
– SCL without assistant bits
– CRC-aided SCL(CA-SCL)
– SCL-Genie: Correct codewords are known for the training samples.(이미 정답 code word를 아는 디코더)
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Polar Code Construction Game

•  
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a
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Transmitting all-zero codeword

 

 
 

 

 
 



Reinforcement learning algorithm

•  
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(정의
) (다른 표현)

보상의 평균값 

현재 + 미래 평균값
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Stochastic 
by LLR



•  
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Simulation results

• SARSA 
예시
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[0, 0, 0, 0]을 잘 보내주기 위한 polar construct [0, 0, 1, 1]

Step 1  [1,0,1,1]

상태 TD update
0 0 1 정보 -1

Step 2  [0,0,1,1]

결과 TD update
0 0 0 고정 0 1 0
1 1 0 고정 0 2 1
2 2 1 정보 0 3 1
3 3 1 정보 3
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Step 3  [0,1,1,1]

결과 TD update
0 0 0 고정 0 1 1
1 1 1 정보 -1

s a=0 a=1
0 0 -0.5
1 0 -0.5
2 0 0
3 0 1.5
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Step 4  [0,0,1,1]

결과 TD update
0 0 0 고정 0 1 0
1 1 0 고정 0 2 1
2 2 1 정보 0 3 1
3 3 1 정보 3

Step 5  [0,1,1,1]

결과 TD update
0 0 0 고정 0 1 1

1 1 1 정보 -1

s a=0 a=1
0 -0.225 -0.5
1 0 -0.75
2 0 0.675
3 0 2.25



If) Episode 100 times
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s a=0 a=1
0 1.5 -1.0
1 1.7 -1.2
2 -0.5 2.0
3 -0.3 2.8

s a=0 a=1
0 1.5 -1.0
1 1.7 -1.2
2 -0.5 2.0
3 -0.3 2.8

By chat gpt

보
상 
기
대
값

step



2. Eligibility trace
Captures the current game’s historical trace and assigns credit to every state-action pair
(과거 행동에도 학습 신호 전달)

Communication and Coding Theory Lab 59

 

 

 

 

 

 



• SARSA + Eligibility Trace

60

 

 

Step 4  [0,0,1,1]

상태 TD update
0 0 0 고정 0
1 1 0 고정 0
2 2 1 정보 0
3 3 1 정보 3

 

If) t=3 (s,a) eligibility TD update Q update
(3,1) 1 2.25 0.5 0.5×2.25×1=1.125
(2,1) 2.25 0.5 0.5×2.25×0.8=0.9
(1,0) 2.25 0.5 0.5×2.25×0.64=0.72
(0,0) 2.25 0.5 0.5×2.25×0.512=0.576
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step 4, t=3
(t=3에서 보상이 이뤄진다!!)

s a=0 a=1
0 0+0.567 -0.5
1 0+0.72 -0.5
2 0 0.675+0.9
3 0 2.25+1.125

Step 4는 t=3에서 보상
이 값은 t=0, t=1, t=2, t=3의 값에 
영향을 못 끼친다!!!

Step 4는 t=3에서 보상
이 값은 t=0, t=1, t=2, t=3의 값에 
영향을 끼친다!!!

s a=0 a=1
0 0 -0.5
1 0 -0.5
2 0 0.675
3 0 2.25

 

Sarsa  
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결국 각 상태에서 들어오는 LLR 값에 따라 어떤 행동이 가장 좋은 지 나온다! 

SC SCL



RL(N to 2N)

•  
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