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A cycloid

x =10 —rsinf = r(0 — sinf)
y =1 —1rcosf =r(1 — cosb)

=



Brachistochrone

The fastest route between two points

x =1(6 — sinf)
y =71(1 — cosf)




Brachistochrone

Goal: Minimize At

ds ds t
a:v:dt=7$At=tf—ti:ftifdtzf_

1
0 = AEpecn= AK + AUy = -mv? —mgy

= v =,/2gy

ds ds
:At=f7=f\/2gy




Brachistochrone Y
— 7 ﬂ‘-‘j|
dy : X,
ds = /()% + (dy)? = 1+(£) w|

ds ds
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The Euler-Lagrange Equation

Let S = {y € C[a, b]|ly(a) =y, y(b) = y,},andletJ:S - R bea

function of the form ,
J») = [, fx),y'(x),x)dx

If | has an extremum at yy € S ,then y, satisfies the Euler-Lagrange Equation
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Paritial derivatives

f=feb
of . fa+ht)—f@)
e A o Y
of ft+h) = f(x)

5 o) = jim h



A proof of the Euler-Lagrange Equation

Suppose that there exists yy € S such that minimizes /.

Write y(x) as y(x,a) = yo(x) + an(x)

0
By hypothesis, we have l ]] = 0

Using 22 = = [ ' F(y(x),y" (), x)dx = [, <L (v (20, y' (), x)dlx -

oa
-)Leibniz’s rule)



The Beltrami Identity
iff=fy)

ff =f(y,y") ,theng—i = (

af
- = constant = C
dy

or_ 4o

dy dx 8y’>20®f_y



RJ1+ (¥')A

At = [y e dr = J0) = fO(2), Y ())dx
f(y,y') = —Vl_l_(yl)z
| VY
f—y o _ constant = C

dy’
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o dy [1-Cy
y =5 =
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x| Cy
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y=gsintg =g~ cost)
x:fdx:f\lcyy f—Sln_

— f — (1 — c0s0)dl = (9 — sinf)



x =1(0 — sinb)

y =71(1 — cosf)
_ 6 — sinf
x_ZlC( sind)

Yy = ﬁ(l — cosf)



Bernoulli’s approach to the brachistochrone problem
Idea: Light travels along the path that takes the shortest time.

A

A

Sina Sina Sina Sina
L — 2 —.= AREN = constant
V1 (%) VN v

Snell’'s Law:



Bernoulli’s approach to the brachistochrone curve problem

Idea: Light travels along the path that takes the shortest time.

vV =,29Y

SN
— constant
v
SINng
— constant

VY



Bernoulli’s approach to the brachistochrone curve problem

Idea: Light travels along the path that takes the shortest time.

y = CPsinf = [Dsinf]sind

xuo—\hp contac

= Dsin%6

Sing

VY

= constant

OB



At = constant




At = constant

x =1(0 — sinb)
y =71(1 — cosf)

1
0 = AEech = Emvz + mg(:Vi—y}

y; =1(1 —cosb;),y =r(1 — cosb)

v =,/2gr(cosf, — cosH)



At = constant

ds ds
dt = — =
v J2g7r(cosf, — cosh)

2 2
ds = +/(dx)? + (dy)? = (d—x) + (d—y) df =/ (r(1 — cosh))? + (rsinb)?d6b
J\db do

= rv2vV1 — cosfdf = eringde

V) — )

2rsin = d6 . Sin = :
At =[] Z = [, —f——df = |-
“J2gr(cosB, — cosB) '\ cos? 71 — OS2 > N



The shortest curve between two points

Goal: Minimize L

—

2

dy
1 — 1 d
+(dx> X

f=+14+ ")?* = f(y,y") =Use the Beltrami Identity

f—y

af
0y’ -

= constant = C =

1+ ()% =

y")? 1

JIt0? J1+0)



The shortest curve between two points

Goal: Minimize L

1
J1+(y')2

= constant = y' = constant = y: a straight line
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