
The Controllabilieyofthe Can - like System

자동차를 방방곡곡 누빌 수 있을까 ?

안의성
성 균관돼 수학과

2026
.

0 . 14 . MIMIC



자동차 준비하는중

∞o



자동차 준비하는중

∞



자동차 준비하는중

∞



자동차 준비하는중

⑪

∞OC"
"
"

"" "
"

"
"" "":

"

,



자동차 준비하는중

⑪

∞OC"
"
"

"" "
"

"
⑥' "⑯" , ,



자동차 준비하는중

뿐
≈

?..""…
"

↓
"

".

..

"

…

"

,
"
, "0



자동차 준비하는중

"



자동차 준비하는중

뿐
≈

?..""…
"

↓
"

".

..

"

…

"

,
"
, "0



자동차 준비하는중

은급
…표냈다…".



자동차 준비하는중

조



자동차 준비하는중

"



자동차 준비하는중

-∞

자동차가 특정 위치에서 특정 방향을 바라보도록
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i aystem ←
자동차는

( e . y .

θ ) ε IR
2

× 5
.
납작해도

R = U COs θ
3 차원에

y = u sin θ IIU 1 =
의
. 11 N11 ≤ 살고있다

.

θ = √ 8. = ( 0 . 0 .
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,

and the attainable set

Ag
.=
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C is a control parameter, t 209 .
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숨의움 조많하면 ,

리에 수직한 방향 ( T ) 을 만들 수
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일텐데 !



Example

O.!



Example

→ O..



Example

_

\
O



Example

-
_

\



Example

O
^

_

\



Example

O

_ :
completely

non- holonomic

span ? → . T

. Y = IR
3

( 만들어 낸 방향까지 해서
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자동차는 제약을 넘어 자유롭고 싶다 .
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q 1 f = ( ucoso , u sino . o )

각 점에서의 속도를 정해준다고 생각하면 됩니다 .
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An integral curve of f ε F

is a differentiable curve θ : IR → IR
2

xS
'

stθ '(e ) = f ( Ost) ) , HeE IRㅿ>

운
…>

」



Ovb라 과

trogectories )Theonem

Let f ε F
.

크 '
!
globalflow ①st .

s
. t

. θ ( - , 8 ) : IR → IR XS32is a integral curve of f .



Ovb라 과
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Denote by of the comesponding fiow of fEF
.

Exomple . If f ( q) = ( coso ,
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.
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,

then Of (t , q ) = f + ( cosot .
sinot ,

o 이
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,
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Of enecomebysponding flow

of fEF
.

Exomple . If f ( q) = ( coso ,
sino

. 1 )
,

then θf (← , q ) = …

IFFYYYKX ×

A T 1 A ← 1 ∞ * A ← 이
:atanaOfle .G): ITLLETTAREYMA



Ob라 과

제
f ( 6 )- ( aso ,

sind
,
0 ) 과

g ( q)
= ( coso .

sino . | ) 의조합로

새로운 방향을 만들어 봅시다 .

연산을 어떻게 해야 할까요 ?
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CO.: 7
^

CD⑫:
8 . 고

7

= O ( - t . Ofc - t , Ogle . Of ( t . q . ) ) ) ) - 8 .g

= Ogto Oe) . Ogt ) .f ( 8 . ) - 8 .
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.
Ogt . O .Ogt.Ogst

)( q . )
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( n . y ) = ( 1 . y +←) .
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π 아돌NAIA서
Let fcq) = ( 1

,
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. glq) = co .
1 ) .

Then θf
(
( n .y )

= ( utt , y ) . g
(

←'
6 n . y ) = ( 1 . y +←) .

compute ( f .
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Liebracket

[f . g )
= dle

. Ogt . O ←
.Ogt.Ogst

)( q . )

계소 어떻게 할건데 …



Liederivative

Define a vector fieed Lfg : IR
'

xs
'
s Ik

3

by

(ag ) ( 8) = dtl .θf *"( θ f(←) q ) (g ( θ f
←
) (q ) ]



Lie derivative
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Of

>

>

>

>

λ



Liederivative

vector field g

A s →
>

λ →
>

A ≈ →
>

A A A → >

s A A →
λ



Liederivative

A s →
>

λ →
>

→ → s 1 s
,ㆀ

A ≈ → >

A s →
λ



Liederivative

Move q by the flow of
.

θf
←'
( q)

l >

>

→ r
ㆀ ⑩

^

λ
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g ( θf
←'
( q , )

Ψ >

>

^
ㆀ ⑩ >

^ >

λ
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÷껴 - >

A →
>

‰ s →
>⑩

A → ,

→
λ



Liederivative

Move gl Ofe
'
( q 7 ) backward .

*( g ( O "( q 7) )

0넷 ( 0+ "a) ⇌! ← -
>

A →
>

‰ s →
>⑩

=

q A → ,

λ
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s

Lfg ) ( q )=
.

θ⑮* ( g ( θf
←'
( q ) ) ) - g ( q )

t



l

'e

deriontiv 에
)

θ fx

리 얘는 왜 돌아가요 ?

위에서 보면

요 "
)
)D ㉚ →

0
네

.

이등이 올라감
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'e darivativems
netbea mapping .

ThenFxq :TM
→T is defined by

F* (q
)

= al=
F
. α( t ) )

where a is a curve in M st .
α co) - f and a:o) = w .

F*
q 는 IR에서Jacobian 으로 계산할 수 있어요

.
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let uscompute. 업 ( g ( Of
'
( q ) ) ) - g ( δ )

t

given feq ) = C coso .
sino .

o )
.

and

g ( q ) = ( coso ,
sino )

.

cel

( ) Of ( q ) = ( at cosot . y +
sinot

, θ )

(2) g ( oe
'
( q ) = ( coso . sino .1 )



'

edarivative

let necomputelin y ( g (Of ( q ) ) ) - g ( z )
t→ o

t

given fcq ) = C coso .
simD ,

o 1
,

and

g ( q ) = 1 coso .
sam θ .

1 )
.

1 )Oe ' ( q ) = ( atos θ t . y
+ sin θ

t , ②

(2) gl θf
"
( q) = ( coso . sinθ )

tsin θ

( 3 ) f법 = 3(네습는
:

= (: : - tv ,0 1
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=. 이
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= . (-tsino.
]

/ t = [ ..8 ]
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derivativeats - f . J. tiar 8 ]

.$= fom. ]
wowl . span ? 25 g .

f
. gy = IR

3

:

Fact

그다.
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Rasheusk; n- chow theoven

pefinition

onicteignㄱFE vect ( M ) is caled

if Lieq ( - ) = TEM E
ε M ,

wheve Lieq ( F ) = span 3 Efo . C . . [ fr .
f. ] … J ] ( G IFiE F, NEIN 9 .

ㄴ
Example .

completelyonIOur system fs vect ( IR
2

xS
'
) is

since Lieq(F) = span ? (f . g ) . f .g 3 = IR
3
= 「( IR

2
x 5

'

)
.ㄴ
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and M is connected ,□then Oq = M for any EEM ( Oq : orbit)



Rasheusk; s - chowtheoven

Tneorem ( Rasheusk ; i - chow )

If F E vect ( M ) is completely nonholonomic

and M is connected ,□then Oq = M for any EEM ( Oq : orbit)

corollary

너자는빙방독에누밀수 있다.


