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1D Poisson Equation: Variational Formulation

For f € L?(0,1), consider

—u"(x)=f(x), 0<x<1, u(0) =u(1) = 0. (1)
Multiply by a test function v with v(0) = v(1) = 0 and integrate by parts:
1 1
/ fodx = [—u'v)} +/ u'v’' dx. ()
0 \‘—/O—/ 0

Variational formulation
Find u € H}(0,1) such that

1 1
/u’v’dx:/fvdx Vo € H}(0,1). (3)
0 0

The space H}(0, 1) imposes zero endpoint values. The weak form requires only first
derivatives, which suits piecewise linear FEM.
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Overview of FEM

The finite element method (FEM) approximates the solution using piecewise
polynomial basis functions on a mesh.

® Decompose the domain (2 into discrete elements K that form a mesh 7}, such as
intervals in 1D or triangles in 2D.

® Choose basis functions ¢; whose restriction to each element K is a polynomial.

Finite element representation of the solution

M
u(x) ~ up(x) =Y uighi(x). (1)
i=1

The coefficients u1, . . ., ups are the unknowns to be computed.
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A One-Dimensional Boundary Value Problem

We begin with a simple boundary value problem to illustrate FEM.

Model problem

Given f € L2(0,1), consider

{—u”(x) =f(x), O0<x<l,

u(0) =u(l) =0. @

® How can we solve this problem numerically?

e We first derive a variational formulation and then restrict it to a
finite-dimensional space.

e If f is available only as discrete data, we also need a reconstruction of f or
quadrature for the load integrals.
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Test Functions and Integration by Parts

An elementary test space

Vo = {U € C([0,1]) :

v is C' on each subinterval of a finite partition, )
v’ is bounded on each subinterval, v(0)=9v(1)=0 [~

For a sufficiently regular solution u, multiply the equation by v € Vi,:

1 1
/ fodx :/ —u"vdx
0 0

1
= [—u’v]é—k/ u'v dx.
S~—— 0

(2)

Variational identity

Wy =(fv), (pq) = | p()q(x) . (3)
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The Weak Formulation

The energy space

The natural Hilbert space is
V =H}(0,1), Vpe C V. (1)

We will define weak derivatives and Sobolev spaces later.

Weak problem
Find u € V such that

1 1
/ u'v' dx = / fodx  foreveryve V. ()
0 0

¢ This identity involves only first derivatives.
® The boundary conditions are encoded in V.

e In one dimension, H' functions have continuous representatives, so their
endpoint values are well defined.
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A Finite-Dimensional Subspace

Choose a partition
O=xg<x1 < ---<any=1, Ij:(xj,l,x]'), h]‘:x]’—xj‘,l. (1)

Herej=1,...,N, and h := max; h; is the mesh size.
Continuous piecewise linear functions

Vi = {vh e C([0,1]) : Z:‘(%)Ejéilﬁ) :J'0= L..oN, } .

Thus V;, € H}(0,1) and dim V}, = N — 1.

(2)

N\

Nodal basis
Fori=1,...,N —1,let ¢; € V), satisfy

¢i(xj) = &5,  op(x) = Z O (%) i (). 3)

A\
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Piecewise Linear Basis Functions

Hat function, j =1,. ..,

X — x]-_l
h—]" Xj—1 < X < X,
(x) = ¢ Xj+1 — X
hj1 ! a
0, otherwise.

Its support is [xj_1, xj41]-

Kyoungman Kim Introduction to FEM October 6,2026 10 / 83



The Discrete Variational Formulation

Galerkin problem

Find the numerical solution u;, € V}, such that

(u, vy = (f,on)  Vop € V. (1)
Write
N-1
up(x) = Y wii(x), i = (%), (2)

and choose v, = ¢,j =1,...,N — 1. Then

N—-1
Z uiqb;’ ¢]/> = <fa ¢]> )
o o

Zui <¢§’¢J/’> ={f. %)

i=1
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The Stiffness Matrix

A= (), b={f4), ij=1...N-1 (1)

A linear system for the nodal coefficients

N-1
> Ajui=b;,  Au=b. )
=Sill

The matrix A is called the stiffness matrix.
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Symmetry and Positive Definiteness

Symmetry follows from Aj; = < i & > = < 2 ¢f> =Ai

The energy identity from the matrix product

For z € RN-1 setw;, = Zfi_ll z;¢;. Then

TAZ = Z = ] - Z j=1 Zz 1 Z] ]lzl
— Z e 1le’/ 9i(x)¢j(x) dx
N1 ey

- [ (S i) (S i)
_ /1 o ()2 dx > 0.
0

We interchange the finite sums and the integral. Both factors equal w), (x).

If the energy is zero, w;, = 0 almost everywhere, so wj, is constant.
Since wy,(0) = wy(1) = 0, we have w;, = 0. Linear independence of the basis gives z = 0.
Thus A is symmetric positive definite and invertible.
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Example: A Uniform Mesh withh = 1/4

The nodes are 0, %, %, %, 1, with one basis function per interior node.

" ) @3
0 1 1 3 1
i 2 i

0<x<i 4, 0<x<i,
lex<l, @ fX) =14 1<x<} @
0, otherwise. 0, 3<x<Ll
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Example: Computing the Matrix Entries

o 1/4 ) 1/2 ,
<¢1,¢1>:/ 4 dx+/ (—4)°dx=4+4=8,
0 1/4

1/2 ,
(61, d5) = /1 P (—4)(4) dx = —4, (1)

(¢1,5) = 0.

Local support and matrix sparsity

Only neighboring hat functions have derivatives whose supports overlap on an
interval of positive length.

The same calculation gives 8 on the diagonal and —4 on the two adjacent diagonals.
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Example: The Discrete System

The resulting linear system

8 —4 0 uq bl 1
(4 8 4) (Mz) = (bz) 9 b] = / f(x)qﬁ](x) dx. (1)
0 —4 8 Us b3 0

Once we solve for the coefficients, we obtain the finite element solution
up(x) = urd1(x) + uaga(x) + uzpz(x). )
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Beyond the One-Dimensional Example

® How do we differentiate basis
functions at mesh nodes?

We use weak derivatives and Sobolev
spaces.

® Does discretization always produce a
symmetric positive definite matrix?
No. The operator and boundary
conditions matter.

® Is the bilinear form in a variational
problem always an inner product?

No. We use bilinear forms and the
Lax-Milgram theorem.
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Definition of a Weak Derivative

Let U C R" be open and u,v € L] _(U). A multi-index is

loc
a:(al,...,an)EN()', ‘O(|:Oé1+"'+04n, (1)

and D* = 94" - - - O¢" on smooth functions.

Weak derivative
We say that D®u = v in the weak sense if

/uDo‘cpdxz (—1)'“'/ vpdx  forevery p € C°(U). (2)
u

u

® The test functions are smooth and compactly supported in U.

® When a weak derivative exists, it is unique almost everywhere.

Kyoungman Kim Introduction to FEM October 6,2026 19 / 83



The Weak Derivative of a Hat Function

For the hat function ¢;, define g; almost everywhere by

1/h] X e (x]-_l,x]-),
g](X) - _1/hj+17 X e (xjaijrl)a (1)
0, otherwise.

For ¢ € C°(0, 1), integration by parts on the two subintervals gives

1 1
/0 o' dx = [dye], + [d0] " — /0 gjip dx

1
= —/ gjep dx.
0

(2)

Continuity ensures cancellation at the interface

gj is therefore the weak derivative of ¢;. Its values at the finitely many nodes do not
affect its L2 equivalence class.
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Definition of a Sobolev Space

Let1 <p <ooandk € Np.

Sobolev space

WEP(U) = {u € LP(U) : D°u € LP(U) for every |a| < k}. (1)

Here D“u denotes a weak derivative.

We use the norm

1p
Z HDau“’ZP(u) , 1<p<oo,
[l uy = |o| <k (2)
Z esssup |D%u(x)|, p = oo.

NE

The term with o = 0 is u itself.
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Basic Properties of Sobolev Spaces

@ The Sobolev norm is well defined on equivalence classes modulo equality almost
everywhere.

(0] Wk’p(lj) is a Banach space for 1 < p < oc.
® For p = 2, write

HY(U) == WR2(U). 1)

This is a Hilbert space with inner product
(u,v Hk Z / D%u D%v dx. 2)

la|<k

llFn ) = IllZ2qury + 1Vl 2 - (3)

All function spaces in this presentation are over R.
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Seminorms and Sobolev Norms

A seminorm s satisfies
s(u) >0, s(cu) = |c|s(u), s(u+v) <s(u)+s(v). (1)

It may satisfy s(1) = 0 even when u # 0.

Sobolev seminorm

Fork>1and 1 <p < oo, define
1/p
Ulytay = Ile 1Dl |- @
The norm includes orders 0, . . ., k. The seminorm uses order k only.
limay = 1Vullizay > IlEnay = 1w + 4 w)- 3)

A nonzero constant on bounded U has zero seminorm but positive norm.
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Sobolev Spaces with Zero Boundary Values
Definition by closure

k, s WP (L)
WoP(U) = Ce(U) : (1)
Equivalently, u € Wg’p (U) if and only if there is a sequence (u,,) C C°(U) such that

([t — wllwepry — 0 as m — oo. ()

The space used for homogeneous Dirichlet problems

| \

Ho(U) = Wo™ (). ©
This is a closed subspace of H'(U), hence a Hilbert space. On a bounded Lipschitz
domain, it consists exactly of the H! functions whose trace on dU is zero.

A\

The definition by closure also applies when p = co. The trace characterization above
applies specifically to H}(U).
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Definition of a C* Boundary

Let U C R" be open and bounded, and let k > 1.

Local graph representation

We say that OU is C* if, near every x° € 9U, after a translation and an orthogonal
change of coordinates, there exist ¥ > 0 and a Ck function ~ such that

UNB(K®,7) = {x e B(,7r) : x, > y(x)}, = (x1,...,%_1). (1)

Consequently,

AUNB(®,r) = {x € B, 7r) : x, = y(x')}. 2))

The graph function need only be defined on a neighborhood of the projection of this
boundary patch onto R" 1,

25/ 83
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Poincaré’s Inequality

Let U C R" be bounded, connected, and open with ! boundary:.

Mean-zero form, 1 < p < oo
There is C = C(U, n,p) > 0 such that
lu = Wullppwy < ClIVEllpwy ue WH (U, 1)

where

1
(u)y := m/uudx. (2)

Zero-trace form
For some Cp > 0,

| A

oll 2wy < Ce Vol for every v € Hy(U). 3)

N\

The second inequality applies to functions with zero boundary trace.
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Definition of a Bilinear Map

Let V, W, X be vector spaces over the same field F.

Bilinearity
A map B: V x W — Xis bilinear if it is linear in each argument separately. In
particular,

B(Av,w) = AB(v,w) = B(v, A\w),
B(v1 + v2, w) = B(v1, w) + B(vz, w), 1)

B(v,wy + wa) = B(v,w1) + B(v, ws).

Here A € F,v,v1,0, € V, and w, wy, w, € W.
® A bilinear form is a scalar-valued bilinear map.
® A real inner product is a symmetric, positive definite bilinear form.

® A general bilinear form need not be symmetric or positive definite.

Kyoungman Kim Introduction to FEM October 6,2026 28 / 83



The Lax-Milgram Theorem

Let H be a real Hilbert space and B : H x H — R a bilinear form.

Continuity and coercivity

Suppose there exist a, 3 > 0 such that
|B(u,v)| < alju|lyllv|ly forallu,v e H,

(1)

B(u,u) > B ||ul% forallu € H.

Existence and uniqueness

For each bounded linear functional F € H*, there exists a unique u € H such that
B(u,v) = F(v) for every v € H. (2)

Moreover, |[u|y; < 87! |F|

e

Symmetry of B is not required.
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A Uniformly Elliptic Boundary Value Problem

Let U C R" be a bounded domain with C! boundary. Consider

{Lu:f in U, @
u=0 onadl,
where A(x) = (a¥(x ))] ; and

Za X) Oy, +Zbl X) Dyt + c(x)u

ij=1 2)

=—-V-(AVu)+0b-Vu+cu.
We impose the boundary condition by requiring u € H}(U).
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Uniform Ellipticity

Uniform ellipticity

There is # > 0 such that, for almost every x € U and every £ € R”,

FAXE =D al(x)&g > 0l¢1. (1)

ij=1

® The constant # > 0 is independent of x and the direction &.
* A need not be symmetric. Ellipticity controls its quadratic form.

* In the energy estimate, we apply this inequality with £ = Vo(x).
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Assumptions on the Coefficients

Regularity and data

Assume real-valued coefficients with the following regularity and data:
A€ L®(U;R™™),  be WY°(U;RY), (1)
ce L), feLl*U). 2)

Sign condition for coercivity

1
c— EV- b>0 almost everywhere in U. (3)

* Without this assumption, we can study solvability using the Fredholm
alternative.

e We use V = H} (U) with the full H' norm.
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Deriving the Weak Formulation

For smooth A, u, v with v|5; = 0, integration by parts gives

/ —V- (AVu)vdx = / (AVu) - Vodx. (1)
u u

Bilinear form and load functional

a(u,v) = / [(AVu) - Vo + (b Vu)v + cuv] dx,
u
2)
F(v) := /ufv dx.

Weak problem using only first derivatives
Find u € V = H}(U) such that
a(u,v) = F(v) for everyv € V. 3)
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Continuity of the Bilinear Form

We define ||A||; - using the matrix operator norm. By Holder’s inequality,

| (AVa) - ods < 1Al [ Vuls [ V0],

/u (b Vuyodz| < bl [Vull2 lo]l,2 1)

/u cuv dx| < [lefl lull2 1ol

A bound in the H' norm

la(u, v)| < Mlull gy 191wy » )
where M = [|Al| e + [[Dll e + [l]l 7o

All coefficient and function norms above are taken over U.
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Boundedness of the Load Functional

Themap F: V — R, F(v) = [, fvdx, is linear.

Forf € [*(U)andv eV,
E@)] < W2y 12 l2qun
(1)
< W2y Mollen -
Hence F € V* and
1Ely- < Il @

To apply the Lax-Milgram theorem, we still need to prove that a is coercive.
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Coercivity: The Convection Term

For a smooth v with zero boundary values,

1
/u(b-Vv)vdx:Z/ub-V(vz)dx

_1 . 2 _1 . 2
= 2/8u(b v)v-dS Z/U(V b)v” dx 1)
—_———

where v is the outward unit normal.

Extension to Hj(U)

Choose vy, € C(U) with v, — vin H'(U). The assumptions b, V- b € L>(U) allow
passage to the limit, so the same identity holds for every v € H}(U).
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Coercivity: Ellipticity and Poincaré’s Inequality

Using the convection identity,
a(v,v) = / (AVv) - Vodx +/ (c - lv- b) v dx
u u 2 1)

2
> 0| Vol -
Poincaré’s inequality gives

ol @y = o072y + IVl 2
< (1+Ch) IVollia -

Coercivity in the full H! norm

a(v,v) > v € Hy(U). 3)

4 2
= m ||U||H1(U),
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Existence and Uniqueness of the Weak Solution

We have verified the hypotheses of the Lax-Milgram theorem on V = H} (U):

ja(u, o) < M|ull g gy 10l aay »
0

a@0) = Blellipw,  B=1Ta >
P

0, 1)

IE@)| < fll 2y ol uy -

There is a unique u € H}(U) satisfying
a(u,v) = F(v) for all v € H}(U). (2)

The solution satisfies the estimate

1+ C?
[l < ) P ey - 3)
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Returning to the Finite Element Method

Let V), C H}(U) be a finite-dimensional conforming space. Restricting the trial and
test functions to V}, gives

a(uy,vy) = F(vy,) for every v, € V. (1)

The discrete problem also has a unique solution

The continuity and coercivity bounds remain valid on V},. For a basis {¢1, ..., ¢n},
Ki=a(¢;,4), bj=F(¢;), Ku=b. )

® The model Poisson problem yields a symmetric positive definite matrix.
* For the general operator, K may be nonsymmetric.

® Under the stated coercivity assumptions, K is nevertheless invertible.
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A Conforming Simplicial Mesh

In the affine simplicial setting, let 2 C R" be a bounded polyhedral Lipschitz domain
and set V = H}(Q).

An exact conforming partition

Let 7}, be a finite collection of nondegenerate closed simplices such that

a=Jk 1)

KeT,

¢ Distinct elements have disjoint interiors.

e Two distinct closed elements intersect, if at all, in a common face of some
dimension.

The preceding arguments using Poincaré’s inequality also apply on bounded
Lipschitz domains. We impose the same coefficient assumptions on 2.
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Mesh Size and Shape Regularity

For each element K € 7, define

hg := diam K, h:= ]}(nez%hK 1)

Let px > 0 be the inradius of K.

Shape regularity

A family of meshes is shape regular if there is a constant o > 0, independent of the
mesh and its elements, such that

;ﬁ <o for every K € Tj,. (2)
K

® Shape regularity controls the shape of each simplex.
® It permits local refinement.

* It does not require all elements to have comparable sizes.
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Why Shape Regularity Matters

A tall, narrow triangle has a large diameter relative to its inradius.

incircle

******

hk

The red edge is one of the longest edges, with
length hx = diam K.

hx = \/H?>+ (b/2)?,

o M
PR= p oy
For H > b, we have hx ~ H and pg ~ b/2.
h 2H
Kl )
pk b

Here H = 8b, so hx/px ~ 17.1.

Thin elements can produce large basis
gradients and large geometric factors in error
estimates.

Shape regularity keeps hg/px uniformly bounded throughout mesh refinement.

Kyoungma:
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The Conforming Finite Element Space

Fix an integer p > 1 for the polynomial degree.

Continuous piecewise polynomial functions

Vh:{vheco(ﬁ)- ik €Pp(K) (K€ Th), } 0

~ oplon =0
The space P,(K) consists of polynomials of total degree at most p.

* Continuity across element faces is essential.
* Elementwise gradients alone do not imply global H! membership.

® Continuity makes the interface terms cancel in integration by parts, yielding
Vy,CV.
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Conformity: Opposite Outward Normals

Split the unit square into two triangles with common edge F.

0,1) (1,1) Sets(x,y) =x+y — 1. Then
. Ki:s<0, Ky: s>0, F:s5=0. (1)
1
- % Since Vs = (1, 1), the outward normals on F
’ are
K Vs @y @),
Each normal points out of its triangle. Both
(0,0) (1,0)

vectors have length 1.

V1+U2=<E—E,ﬁ—ﬁ)=(o,0). (3)

The common edge belongs to both JK; and 0K3, with opposite outward normals.
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Conformity: Integration by Parts

Letv, € V), ¢ € C2°(Q),and ¢ € {1,...,n}. Define the piecewise derivative

8elk := O, (on]x); ||gf||iz(ﬂ) = Z ||OXe(Uh|K)||i2(K) < 0. 1)
KeTy

Each restriction is a polynomial. On each simplex, classical integration by parts gives

/ o Oy o = — / qupdr+ / onp(vic)e dS. @)
K K oK

Summing over the elements yields

The remaining boundary terms

/vhaxegodx: —/gggodx+54, Sg = Z/ UhQO(I/K)zd_S. (3)
Q Q < JoK

To prove that gy is the global weak derivative, we must show S, = 0 for every such
test function.
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Conformity: Cancellation Across Interior Faces

Fix an interior face F = K; N K,. Let v = (vyk,)|r and v2 = (vp|k, )| be its two traces.
The two contributions to S, are

Sre = /Ulw(vl)ed5+/vz<ﬁ(7/2)£ ds
F F )

= /(01 — Uz)(p(yl)g dS, V) = —11.
F

Continuity ensures matching traces

Since vy, is continuous, v1 = v, =: vg. Thus

V1V + Ol = Up(l/1 = 1/2) =0, Spjg =0. (2)

* Without matching traces, opposite normals leave a factor of v — v,.
® On exterior faces, ¢ = 0 because its support lies inside (2.

* Intersections of lower dimension do not contribute to the surface integrals.
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Conformity: The Global Result

The interior face contributions cancel, and the boundary contributions vanish.
Therefore, for every ¢ € C°(12),

/vhaxéapdx:—/ggapdx (=1,...,n). (1)
Q Q

Global H' membership

This is exactly the definition of dy,v, = g/ as a weak derivative. Since the mesh is
finite and every piece is polynomial, vy, g1, - - ., gn € L?(2). Hence

o, € HY(Q), Voulk = V(vplk) almost everywhere. (2)

The boundary condition ensures membership in H

On the Lipschitz domain €2, the Sobolev trace of the continuous v;, equals its
boundary restriction. The definition of V), imposes vj|aq = 0, so v, € H}(€2).

Together, these facts give V), C H} ().
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The Discrete Variational Problem

Use [|v]|, = [|o]|1(q)- Assume F € V* and

la(w, )| < Mlwlly [[olly,

(1)

a(v,v) > « ||UH%,, M,a>0, w,veV.

Here « is the coercivity constant, denoted by [ earlier.

Galerkin problem on V), C V
Find u;, € V), such that

a(up, o) = F(vp) Vo, € V. (2)

The form remains continuous and coercive on V},, so the discrete solution exists and is
unique. These assumptions impose no smallness condition on the mesh size h.
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From the Variational Problem to a Linear System

Let N = dim V},. Choose a basis ¢1, . .., ¢y and write

N
wp=» Ui, U= (U,...,Un)". 1)
=1

Testing with ¢; gives

The algebraic system

KU = G,

3)
Kij =a(¢j,¢:),  Gi=F(¢:).

We use K for the matrix, A(x) for the coefficient field, and K € 7, for an element.
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Symmetry and Invertibility of the Discrete Matrix

Recall K;; = a(¢;, ¢;), where row i corresponds to the test function. For U € RN, set
N
up =3 Ui,

Expressing the quadratic form as a(uy, uy,)

u'KU = Zil Ui(Ku); = Zil Zszl UKl
=3 > Ulha(éy, )
_ :il u ”(Z]I-il U, ¢i) 1)
—a(Y Uy, Uis)

= a(up, up) > o ||uy|ly -

We use linearity in each argument. This step does not require symmetry.

If KU = 0, the left side is 0, so u, = 0. Linear independence of the basis gives U = 0, so K is
invertible.
If a is symmetric, K is also symmetric positive definite; otherwise, K may be nonsymmetric.
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Galerkin Orthogonality

The continuous and discrete solutions satisfy

,0)=F Yo eV,
a(u,v) (v) (NS O

a(up,vp) = F(vp) Vo, € V.

Since V), C V, subtracting the two identities gives, for e = u — u,

Orthogonality with respect to the bilinear form

a(e,vy) =0 for every v, € V. (2)

The error is orthogonal to every discrete test function with respect to a. If a is
nonsymmetric, (2) does not imply a(vy,, e) = 0.
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Céa’s Lemma

Assume the continuity and coercivity bounds

a(,0)| < Mllwlly olly,  a(,0) >alol},  Ma>o. M

Let u € V solve the weak problem, and let uj, € V}, C V solve the Galerkin problem.
Then

M .
[ —uplly < o ;gif/h [t = onlly - ()

The Galerkin error is bounded by M/« times the best approximation error in V},. This
estimate also applies to nonsymmetric bilinear forms.
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Céa’s Lemma: Proof (1)

Fix any v;, € Vj, and set e = u — uy,. Write

e = (u—uoy) + (o — up). 1)
Since vy, — uy, € Vj, Galerkin orthogonality gives
a(e, vy — uy) = 0. 2)

Coercivity, orthogonality, and continuity

allely < a(e,e)

ale,u —vy) +ale, vy, — up)

a(e,u — vp) 3)
< la(e, u — vy)|

< Mlelly [[u = vnlly -
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Céa’s Lemma: Proof (2)

We have proved, for every v, € V},

2
allelly < Mllelly [[u = onlly - (1)
e [f e = 0, the assertion is immediate.
® Otherwise, a ||e]|;, > 0. Dividing by this quantity gives

M
lelly < = 1w = ol el

Taking the infimum over v, € V), yields

The best-approximation bound

M
Uu—1u < — inf |[u—-vo . 3
| h||V = U;gvhH h||V 3)
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Interpolation: Matching Nodal Values

Interpolation constructs an approximation that agrees with a function at selected
nodes.

— function u - - - - interpolant Iu

Exact at the nodes

Thu(x;) = u(x;) at every interpolation node x;. (1)
Between nodes, I,u approximates u.
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The Nodal Interpolation Operator

Letay, ..., an, be degree-p Lagrange nodes on a simplex K, where N, = dim P, (K).
The nodal basis satisfies

¢i € Pp(K),  ¢i(a) = by (1)

Definition

For a continuous function u, define
NF’
I : COK) — Pp(K),  Ixu:= Y u(a;)é:. )
i=1
Ik is the operator; Ixu is the interpolating polynomial. In particular, (Ixu)(a;) = u(a;).

v

¢ Linearity: Ix(au + fv) = algu + Slgv.
* Polynomial reproduction: Ixg = g for every g € P,(K).
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Our Strategy: Analysis on a Reference Simplex

We prove interpolation estimates on one fixed reference simplex K, then transfer them
to each physical element K.

e ap

FK(EC\) = BK,J'C\—‘r ag

affine transformation
a

0 el ap
fixed reference simplex physical mesh element

i=uoFx,  (Ixu)oFx=Ti. 1)

@ Analyze i — Iii on the fixed simplex K.

® Transfer the estimate to K, tracking how integrals and derivatives scale.
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Local Estimates for Céa’s Lemma

Use degree-p elements on conforming, shape-regular meshes with hg/px < o and
h = maxg hx. Assume

uc Hy(Q)NH™Q), 2<m<p+1, meN, m>d2. (1)

Here 2 C R is a bounded polyhedral Lipschitz domain. Let Ixu € P,(K) be the
degree-p nodal interpolant.

The required local interpolation estimates

[ — Ixullp2 gy < Chy |ulpm ),

()

|u—IKu|H1 < Ch ’Mle(K).
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A Polynomial with Vanishing Residual Moments

Work on the fixed reference simplex K= conv{0, ey, ...,es}. For a multi-index v € N¢,
write [y =71 + -+ + .

Moment lemma

~ o~

For every v € H"(K) there is a unique g € P,,_;(K) such that

/ADV(U —q)dx=0  forevery |y| < m. (1)
K
Set N, = dimP,,_; = (d+"’1’_1) and define
T:Py 1 — RV Tg= < [ D%;d?) : ()
K |yl <m

We need Tq = ( [z DV0)y|<m- It suffices to show that T is injective.
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Existence and Uniqueness of the Moment Polynomial

Suppose Tq = 0. Expand

g(x) = Z csx”, A=yl (1)
|Bl<m—1

For |y| = m — 1, all terms disappear except the matching monomial:

D7q = ylc,, 0= /IA(D"Yq = |IA<| 7le,. 2

Thus every coefficient of degree m — 1 vanishes. Repeat the argument for degrees
m—2,m—3,...,0to conclude that g = 0.

Finite-dimensional conclusion

The linear map T is injective between spaces of the same dimension, hence bijective.
Every prescribed vector of moments has exactly one preimage g € 1.
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Repeated Application of Poincaré’s Inequality

Put w = v — g. Each D"w, |y| < m, belongs to H' (K) and has zero mean. Therefore

||D7w||L2(f<) < ij( HVDVZUHLZ(K) . 1)
With |w|f{] =Dy \|D7w||%z and |w|po := ||wl|;2, summing gives
Wy < Gjlwlg+  (0<j<m). @)

A bound in terms of the highest derivatives

Iterating and using D7g = 0 for || = m yields
o — 07||Hm(f<) < CQ|U - q|Hm(f<) = CQ|U|Hm(f<)‘ 3)

This argument uses the mean-zero form of Poincaré’s inequality and requires no
boundary condition on w.
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Nodal Interpolation on the Reference Simplex

Letay,...,ay, be the standard degree-p Lagrange nodes, where N, = dim P, = (7 ;d).

The associated nodal basis satisfies

~

¢ € Py(K), (@) = 6. (1)

Reference interpolation

TZ) = ZU(?Z\I)(EI (2)

~

The nodal basis functions span PPy, so every g € P, has the expansion g = Y, q(a;) .
Hence

Tq =q foreverygeP,. 3)

In particular, this holds for the moment polynomial because m —1 < p.
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Boundedness of the Interpolation Operator

Because m > d/2, Sobolev embedding on the fixed simplex gives

=

H"(K) = C°(K),  [o(@)| < Ce [ollynz, - (1)

Forj = 0,1, the nodal expansion gives

NP
ity < 2 @

< Cl,j HUHHM(IA() .

&

3

HIR) )

The regularity needed for point evaluation

T: H™(K) — H/(K) is bounded. The bound uses the H" norm of the input, even when
j=0orl.

We use H? = 2. The constants depend on the fixed reference basis.
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The Reference-Element Error Estimate

Take the moment polynomial g € P,,_1 C P, and put w = v — g. Since Tq =q,
v—To=w-—Tw. (1)
Forj = 0,1, boundedness and repeated use of Poincaré’s inequality give
Jo=To],, < et + [T,
< (14 Cyj) ] @
< (1+Cp,j)Cololm.

Both estimates on the fixed reference element

HU - IUHLZ(;() < Colgngy 10— Dol gy < Clolgng)- )
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The Affine Map to a Physical Element

Let ag, ..., a; be the vertices of K. Set
PK(EC\) = Bxx + ay, Bx = [a1 —ag - Cld—uo], Jx = |detBK\ > 0. (1)
Then Fg : K — Kis bijective. Define the nodes and basis on K by
ak,; = Fx(a;), dxi = ;o Fx\. (2)

Geometric bounds for the scaling argument

In the Euclidean operator norm,

|Bk|| < Vd h, Sl 3)

We first use these bounds to derive the local estimates, then prove them from the
geometry of the simplex.
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Interpolation Commutes with the Affine Pullback

Write i1 = u o Fg and Ixu(x) = Y, u(ag ;)¢ i(x). Then
(Ixut) (Fk (%) = Y u(Fx(@;)) dxci(Fx (X))

= u@)si(x) 1

The same error in two coordinate systems

Put ex = u — Ixu and ex = ex o Fx. Thus
(IKLl) OPK :/ﬁl\, AK = il\ —Tﬁ. (2)
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Changing Variables in the Local L2 Error

Since x = Fg(X) and dx = Jx dx,

ekl = /K lex(x)? dx

= ]K/I,Z lex (Fx(%))|? dx (1)

~ 12
= ]K ”eKHLZ(I?) .

Exact L? scaling identity

1/2 |~
ez = 1 Pl 2y - 2)

The absolute determinant makes this identity independent of the vertex ordering.
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Changing Variables in the Local H' Seminorm

The chain rule gives
Viek = BR(Viex) o Fx,  (Vxex) o Fx = By Vsex. 1)
Therefore
’eK’él(K) :]K/; ‘BETWKF d/.f
‘ 2)

)2 e 2
SJKHBK H ekl -

The inverse matrix in the gradient estimate

exlinco < I |[Be | iz ®)

Here | - |1 = ||V(+)]|;2 is a seminorm on H'(K).
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Scaling of Higher-Order Derivatives

For u(X) = u(Bxx + ap),
Vi = B}(Vu) o Fx,  D?i = B}[(D*u) o Fx|Bk. (1)

Since Fg is affine, each of the m derivatives contributes one factor of Bx, with no
derivatives of Bx. Thus

> IDTUE)P < B[ Y D u(Fx())P. 2)

Iy|=m |Bl=m

Integrate using dx = J ' dx

~1/2

|th] g ey < CIBkII™ T/ || (i) - 3)
(K)

These identities hold for smooth functions and extend to H" (K) by density. The
constant depends only on d and m.
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The Local L? Interpolation Estimate

~

Apply the reference estimate to ex = u — [u:
1/2
ot = Tz = T el

1/2~
< Ity

< Y2 |1Bi|™ T A g o M
= C||B "™ [u]pm (k)

< Chi[u]pm k)

The local L? error bound

[l — Ixul| 2y < ChEu|mm(x)- (2)

The factors [/ 12 and Jx 12 cancel exactly.
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The Local H! Interpolation Estimate

The same reference estimate, now for the gradient error, gives

= Tl < X B | i

< O ||BR | lgngey
1 “ (1)
2 —1

< 2 B 0Bl Tl

< Chy "B |ul g )

The local H! seminorm bound

|u — IKU|HI < Ch |M|HW‘(K) (2)

Shape regularity makes the constant uniform in K and h. It remains to prove the two
geometric bounds used above.
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Geometry I: Bounding the Affine Matrix

Write bi =da; — dp, SO BK = [bl -+ b ] and ’b’ < ]’lK. Forz = (Zl,.. . ,Zd)T S Rd,

<Z|Zz||b|

|Bkz| =

d
<hg >z (1)
i=1

d 1/2
< Vdhg (Z |z1-|2) .
i=1

Take the supremum over nonzero z

Bxz
1Bl = su p' £ | < Van. @)
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Geometry II: Rows of the Inverse Matrix

Write the rows of By! as r] and use the inverse map:

T
4]

Bel=1|: |, X = B! (x — ). (1)

T
Ta

The physical barycentric coordinates satisfy

d d
X = (1—23{}) ug—i—Z@ai, N(x) =% =rl(x —ay) (1<i<d). (2)
i=1 i=1

Barycentric gradients determine the inverse matrix
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Geometry III: The Altitude and the Gradient

Let F; be the face opposite a;, and let y; be the orthogonal projection of a; onto its
supporting hyperplane aff (F;).

Set H; = |Lli — ]/z| and a;— Y= Hin;. Since )\i =0on
the face hyperplane, V), is normal to it. Also,

1= Xi(a;) — Ni(vi)

= VAi- (@i —yi) )
= H;V\; -n;.
Therefore
n;: inward unit normal. VA = ﬂ7 VA = i %)
H; H;

The projection y; may lie outside the face. Using its supporting hyperplane also covers obtuse
simplices.
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Geometry IV: Bounding the Inverse Matrix

The incenter lies a distance px from the hyperplane containing F;. The largest distance
from this hyperplane to a point in K is H;, so px < H;. Using the Frobenius norm

2
IBIZ = 5, B2,

=l erz Zl <4 M

e

Operator norm and shape regularity

Since ||B||, < ||Bl|g,

s < 2 < ¥ >

Together with ||Bx| < v/d hx, this completes both local interpolation estimates with
constants independent of the mesh size.
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Assembling an Admissible Global Interpolant

Define (Iyu)|x = Ixu. Since m > d/2, the exact solution has a continuous
representative on (2, so each nodal value is well defined.

Continuity across an interior face

Both elements use the same nodes and the same values of 1 on the face. Unisolvence
on the face ensures that the two polynomial traces coincide. Hence Ij,u is globally
continuous.

The homogeneous boundary condition

| \,

For u € H}(2) N C°(2), the continuous boundary restriction agrees with its zero trace.
All boundary nodal values vanish, so the interpolated polynomial vanishes on every
boundary face.

v

Thus Iu € V), C HL(Q) and u — Iu € H}(2). We can therefore use I,u as a comparison
function in Céa’s lemma.
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From Local to Global Interpolation Error

Because the element interiors are disjoint, we can sum the squared local errors:
2 2
Hu_lhuHLZ < C app Zh ’u‘H’”(K)

2 2
< Capph m|u’H’”(Q)’

1)
’Ll - Ihu‘Hl < Czpp Zh " |u|Hm

2 2 =1)1,,12
<Capph m |M|Hm(Q)

(1)

Take square roots

Here "¢ |u| %{m = |uf? #m(q)- NO factor depends on the number of elements, and
quasi-uniformlty is not requ1red.
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Returning to the Norm in Céa’s Lemma

The previous slides use |[v[|}, = [|v][;1(q). Define the gradient norm on V' = H ().
Poincaré’s inequality gives

ol == Vol . llole < llolly < Callollg,  Ca=4/1+Chq. @

Since u — Iu € V, Poincaré’s inequality and Céa’s lemma give

M MCQCa M—
lu — uplly, < " lu — I, < Tpphn Yl - (2)

H'(Q) error bound

MCqC
«

lu —uplly < 7] (3)

One may choose the largest polynomial degree allowed by the solution’s regularity.
For degree-p elements with u € HP*1((), take m = p + 1 in (3) to obtain an O(k”) error
bound.
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Thank you for your attention!
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