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A A0 Introduction

« Sudoku

* Originated from the Latin Square by Leonhard Euler

« each symbol occurs exactly once in each row and each column
+ In each box




A A0 Introduction

« Sudoku
e 4x4, 6x6, 9x9 etc.




A5 Question

* Does every Sudoku have a unique solution?
* s this related to the number of empty cells?

1 6 7 4 2 3 5 8
2 3 4 5 718 3 1 6 9 2
4 8§ 2 3 6 9 5 1 7 4
5 2 3 6|4 1 915 8 7
4 1 6 5 2 7 81|14 6 3
71 1 7 8 4|3 5 6|2 1 9
5 2 9 6 2|1 8 317 4 5
8 4 with 64 blanks 3 4 5|9 6 7|8 2 1 with4blanks

only 1 soluion multiple solutions

3 9 1 1 7 815 2 419 3 6
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A5 Question

* Does every Sudoku have a unique solution?
* s this related to the number of empty cells?
« What is the minimum clues for a unique solution?



= 0| Solution

* The number of completed 9x9 Sudoku grids is
6,670,903,752,021,072,936,960 ~ 6.7x10%1

« The number of equivalence class reduced by row/column
symmetries and digit permutations is

5,472,730,538



= 0| Solution

* Possible cases of a 16-clue puzzles per grid are

81
( ) = 3.4%x101°

16

* Find unavoidable sets

 Track 16-clue puzzles that hit

all unavoidable sets
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E 0| Solution - Definition

A Sudoku solution grid could be represented a function

(0,1,2,...,80} > {1,2, ..., 9}

 Let G be a solution grid.
« G ={(0,9),(1,3), ..., (80,6)}

* A subset X c G is called an unavoidable set

if G \ X has multiple completions.
* Xy :={(0,9),(4,5),(9,5),(13,9)}
* G \ X; has 2 solutions, X; Is an unavoidable set.
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Z 0| Solution - Lemma

« Suppose that X c G is a set of clues of a sudoku solution grid
G, such that X hits (intersects) every unavoidable set of G.

e Then G is the only completion of X.

cGE B8 AEF, X= ¢0M B ZHH|ORlE AR
e X7t GO| B = unavoidable sets?t =

G= X°| 79Ot

o
[0
>
|
~
2
11
2

10



Z 0| Solution - Lemma

« Suppose that X c G is a set of clues of a sudoku solution grid
G, such that X hits (intersects) every unavoidable set of G.

e Then G is the only completion of X.

378 6|24 1
6 2|1 43 87

* X; := {(0,9),(4,5),(9,5),(13,9)} 1K1 EAEAE] E T
X, = {(32,7),(34,1),(41,2),(43,7), 6 150 sl lal s

7 49|58 6 3

<50’1>’<52’2>} 3/7 8|4/ 6/9[1/5]2

o X 1= C 1 9/6|7/2 5|8 3|4
X Gn(XlUXZ) 2/5/4|3/1/8|7/9 6
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= 0| Solution - Lemma

« Suppose that X c G is a set of clues of a sudoku solution grid
G, such that X hits (intersects) every unavoidable set of G.

e Then G is the only completion of X.

 Pf) If X had multiple completions, then G \ X would be an
unavoidable set not hit by X, which is a contradiction.
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E 0| Solution - Remove Duplicates

 There are still too many cases to check.

Z 0| Solution

* The number of completed 9x9 Sudoku grids is
6,670,903,752,021,072,936,960 ~ 6.7x10%!

* The number of equivalence class reduced by row/column
symmetries and digit permutations is

5,472,730,538




E 0| Solution - Remove Duplicates

 There are still too many cases to check.

1 2134
4 31115
5 2
We count duplicates
regardless of their positions
1 213 4
4 311
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EZ 0| Solution - Add Missing Cases

* Also, there could be
an unavoidable set of degree 2

Z0| Solution - Lemma

1 2 3 « Suppose that X c G is a set of clues of a sudoku solution grid
G, such that X hits (intersects) every unavoidable set of G.

2 3 1 * Then G is the only completion of X.

3 1 2 SGE YN AT, XE GOIM B ZHHOjYE AT

« X7} GO R E unavoidable sets?t S EJ/AE JIXICHH,

Assume that the remaining cells GE x°| FHOICE

are already filled.
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= 0| Solution

* The necessity of ‘Remove Duplicates’, and ‘Add Missing Cases’
parts :
« We are looking for 16-clue puzzles.

« Suppose we have selected 15 clues so far, and the last unavoidable
set Is 2.

« Then no computation is needed (multiple solutions exist)
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A H AL Computing

* Previous amount of computation

6.7%x10%1%3.4x1016

The number of The ways to choose 16 cells
9x9 Sudoku grids out of 9x9 grid

 Current amount of computation

5.47%10°%9.07x1013

800 process-years
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ZAZ Conclusion

* This search showed that no set of 16 clues can uniquely
determine a Sudoku solution.

e 17 is the minimum number of clues that detiermines the
unique puzzle completion.

1
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ZAZ Conclusion

« How mathematics is used in computer science
 Discrete Mathematics (graph, combinatorics)
* Linear Algebra (eigenvalue, transformation)
 Probability & Statics

» Make the algorithms more efficient
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