SIMPLE HOMOTOPY
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Introduction

Conjecture 1 (Zeeman's conjecture 1964 =), Far any contractible 2-dim CW-complex K,
K = [0, 1] is collapsible,

This conjecture implies the Pomcare conjecture.

Conjecture 2 (Poincare’s conjecture 1904 = 2002). Every closed, simply- comnected 3-dim

manifold is homeomorphic 1o 57

|. PRELIMINARIES
Let us assume that the functions between spaces are all continuons.

Definition 1.1, F.g 1 X — ¥ are homotopic if there exist a fonction H @ XY = — ¥
such that H{x,0) = f(x) and H{x, 1) = g{x) forall x € X.

Definition 1.2, f 1 X — ¥ iz a homotopy equivalence if there exisis r - ¥ — X such
that g f = Tdy and fg = T'dyp. If there exist 2 homotopy equivalence between X and ¥,
we call X and ¥ are homotopy equivalent. If X 18 homotopy equivalent to a point, then X
15 comiractible

Example 1.3. Strong deformation relraction F'—g.ﬁ'
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Definition 1.4 (CW-complex) ¢, : i = Kis a n-cell which sarisfies

(1) q#,l.f“ I5 @ hnm'l:un:rui'pl_:lim onto &,
(2) g (dI") c K™
Example 1.5. §% can be constructed with two O-cells, two 1-cells and two 2-cells,
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2, COLLAPSE AND EXPAND

N ¢ \ \£
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Each clementary collapse and elementary expand 15 a homotopy equivalence. Write £ L
il L.1s oblained by a finite sequence of elementary collapse or elementary expand from K.
K and L are said 1o have the same simple-homotopy Lype.
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Example 2.1. Dunce hat is contractible, but not collapsible.
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Example 2.2. The house with two rooms i5 contractible, but not collapsible.
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Example 2.3 (Zeeman's conjecture). For every finite contractible 2-dim CW-complex K,
K =0, 1] 15 collapsiblz

Question 1. ler f 0 K — L a homotopy equivalence. 15 f also a simple-homotopy
eguivilence ?
Question 2. Ler f @ K — L a homotopy equivalence. Is there amap g @ K = L which
ix i simple-homatopy equivalence?
Both are generally false, but it is true for some conditions,

(1) Quespon | s troeaff WhiL) =10,

(2) Quesnon 2 15 rue iff WhiL)={e{f} € WhiL})| f : L — L isa homotopy equivalence)
ltisknownwheni(x; =0 £ ZB I G -- B L, L(p=1.23,.4.56) Haken manifolds),

then Wh{L) = 0. Also for every finite connected 2-complexes L with & (L) = £ {p #
.2 3.4, 68) Ouestion 2 is true, while Question | 15 not true.

3. WHITEHEAD GROUP

Let ¥ Land K' L. Define (K, L) ~ (K'"L) iff ¥ K' rel L. Denote [K, L] the
equivalence class of (K, L). Define [F.',. f_] + K. L] == EK Uy g e L]. Thes

WhiL) :={K,L]| & L]
is called the Whtehead group of L, which is a well-defined abelian proup. Note that if
K L orel L then [K, L] = [L, L] € WhiL) is the identity element of the group. Also,
|2M . L| s the inverse element of [K, L. Now, define the torsion
1= [M, up My, ;] € WhiL)
Tt is hard to deal with () of this definifion, so we use the fact below:

Theorem 3.1, For every finfte CW complex L, define Ty @ Wh{L) = Whix, L) by
T([K, L) = (K, L). ThenT = {17} isa natural equivalence of functars.

Bricf construction of the abelian group Whia L)

(1) For CW complex K such that K I, make the chain complex of C(K, L}, which
15 a Z{Gmodule for & =5 (L, x)

{2} Garher the chain complex of modules with odd dimension and even dimension
respectively, ie. Copg =€, BB . Gy =GB G @ -

{3) Determine the torsion of the map d + 4 :1*-!:'{,“- = O pans Which is o{d + &) 1=
GLIZ(GN/Eg

(4) Wedenote Whin, L) := GLIZ(7))/ E;, and the elements are t{ K, L) = «(C(K, L)) =
oid + &)



