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Dimension?

Informally, it is defined as the minimum number 

of coordinates needed to specify any point in a space.

Alternatively, it can be considered as the degrees of freedom of 

movement within the space.
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Property of the dimension we already know

If 𝑚 ≠ 𝑛, then an m-dimensional figure is different from an n-

dimensional figure.

≠



Dimension in mathematics

To use this elementary but useful property, mathematicians have worked 

to define dimension in various areas of mathematics such as linear 

algebra, topology, fractal geometry, algebra, etc.

Thus, we’re going to see how it is defined in each subjects.



Dimension in Linear algebra



Vector space

Informally, a vector space is a set of 

vectors.

ℝ! is an example of vector space.𝑂
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Vector space

In general, there are infinitely many vectors in a vector space, 

so it’s hard to analyze vector spaces without any criteria.

Thus, we introduce a “criterion” for vector spaces.

The criterion have to express “all” the vectors “uniquely”.



𝑂

𝑢 = (1, 2)
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𝑢! = (1, 1)
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𝑦

𝑢" = (1, 0)

Since any 𝑎, 𝑏 = (𝑎 − 𝑏)𝑢" + 𝑏𝑢!,
𝑆𝑝𝑎𝑛 𝑢", 𝑢! = ℝ!

Spanning set
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𝑢′# = (−1, 2)
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No 𝑢$ is expressed by other 𝑢%
→ 𝑢", 𝑢!  is linearly independent

𝑢′# = −3 𝑢′" + 2𝑢′!
→ 𝑢′", 𝑢′!, 𝑢′#  is linearly dependent



Basis

A nonempty subset 𝐵 ⊆ 𝑉 is a basis for 𝑉 if 𝐵 spans 𝑉 and is linearly 

independent.

Note that if 𝐵 and 𝐵′ are bases for 𝑉, then 𝐵 = 𝐵′ .

→ It is an invariant of the vector space.



Dimension of vector space

The dimension of 𝑉, denoted by 𝐝𝐢𝐦 𝑽, is defined as the number of 

elements in any basis of 𝑉.
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Remark

Let 𝑉 be a vector space. A subset 𝑊 ⊆ 𝑉 is called a subspace of 

𝑉(denoted by 𝑾 ≤ 𝑽) if ∀𝑥, 𝑦 ∈ 𝑊, 𝑥 + 𝑦, 𝑎 A 𝑥 ∈ 𝑊.

Thm. If 𝑊 ≤ 𝑉, then dim𝑊 ≤ dim𝑉.



Remark

A function 𝑇: 𝑉 → 𝑊 is an isomorphism if it’s a bijective linear 

transformation.

𝑉 and 𝑊 are isomorphic(𝑉 ≅ 𝑊) if ∃an isomorphism 𝑇: 𝑉 → 𝑊.

Thm. For vector spaces 𝑉 and 𝑊,  𝑉 ≅ 𝑊 ⟺ dim𝑉 = dim𝑊 .



Dimension of Manifold



Some problems

Vector spaces are “flat”, i.e., it doesn’t have “curved” region.

1-dim vector space 2-dim vector space not a vector space



What is the dimension of a sphere?



What is the dimension of a sphere?

To define the dimensions of some good figures(circle, sphere, torus. 

etc.), we have to define “good figure” more precisely, called a manifold.



n-dimensional manifold

A topological space 𝑀 is a n-dimensional manifold if

• 𝑀 is a Hausdorff space

• 𝑀 is second-countable

• 𝑴 is locally Euclidean, i.e., ∀𝒙 ∈ 𝑴, ∃𝑵𝒙 s.t. 𝑵𝒙 is homeomorphic 

to ℝ𝒏



Thus, a sphere is a 2-dimensional manifold(or simply, 2-dim figure)

≅ ℝ!



1-dim manifold(curve) 2-dim manifold(surface)



Dimension in Topology



Is ℝ%(or square(= 𝐼%)) really dimension 2?

What I mentioned about dimension is that the dimension is the 

minimum number of coordinates needed to specify any point within it.

For example, we can make a bijection 𝑓:ℝ+ → 𝑉 s.t.

𝑓 𝑎,, … , 𝑎+ = 𝑎,𝑢, +⋯+ 𝑎+𝑢+

for a n-dim vector space 𝑉and a basis {𝑢,, … , 𝑢+} ⊆ 𝑉.



Is ℝ%(or square(= 𝐼%)) really dimension 2?

Since ℝ and ℝ' have the same cardinality, there exists a bijection 

𝑓:ℝ → ℝ', i.e., we can represent all points of “intuitively 2-dimension” 

ℝ' by just using “intuitively 1-dimension” ℝ.

However, it does not seem reasonable because 𝑓 may not be 

continuous(so, 𝑓(𝑥) doesn’t change continuously while 𝑥 does).



Space filling curve

There is a surjective continuous function 𝑓: 𝐼 → 𝐼' (𝐼 ≔ [0, 1])

[ [

…
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…



What is the dimension in topology?

By a space filling curve, there is a reasonable function that represents 𝐼' 

by a single parameter.

This shows that our informal notion of dimension is insufficient.



What is the dimension in topology?

For a topological space, there are just “open sets”, so we can’t define 

“direction” directly unlike in linear algebra.

Instead, by counting how open sets are overlapping, we can define 

dimension as in another subjects.



Lebesgue covering dimension

Let 𝑋 be a topological space.

A collection 𝔄 of subsets of 𝑋 has order 𝑚 if some 𝑥 ∈ 𝑋 lies in 𝑚

elements of 𝔄, and no point of 𝑋 lies in more than 𝑚 elements of 𝔄.

← a collection 𝔄 with order 4



Lebesgue covering dimension

A collection 𝔅 refines(or is a refinement of) a collection 𝔄 if for each 

𝐵 ∈ 𝔅, there is 𝐴 ∈ 𝔄 s.t. 𝐵 ⊆ 𝐴.

A collection 𝔄 A refinement 𝔅 of 𝔄
order 3



Lebesgue covering dimension

The Lebesgue covering dimension of 𝑋 is defined as the smallest 

integer 𝑚 s.t. ∀open covering 𝔄 of 𝑋, ∃open covering 𝔅 of 𝑋 that 

refines 𝔄 and has order at most 𝑚 + 1.
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→ (0, 1) is 1-dimensional space



Examples

𝐼' is 2-dimensional space



Remark

It is possible that the dimension of a subspace can be larger than that of the 
ambient space.

Let 𝑈 = ℝ! be standard space, and let 𝑋 = 𝑈 ∪ {∞} with the topology 𝒯" =
𝒯# ∪ 𝑋 .

Then dim𝑋 = 0 while dim𝑈 = 𝑛.



Remark

For given topological space 𝑋 and it’s “closed” subspace 𝐶 ⊆ 𝑋, 

dim𝐶 ≤ dim𝑋.

Thm. 𝑋 ≅ 𝑌 ⟹ dim𝑋 = dim𝑌

Cor. 𝑚 ≠ 𝑛 ⟹ ℝ- ≇ ℝ+



Hausdorff Dimension



Another aspect of the dimension
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Another aspect of the dimension

We can think of the dimension of a figure(or a set) as follow:

If scaling the figure(or the set) by a factor of x multiplies its size(or 

precisely, measure) by 𝑛, then its dimension is defined as 𝐥𝐨𝐠𝒙 𝒏.

There is a concept in measure theory that covers above perspective, 

which is called Hausdorff dimension.



Hausdorff dimension

Let 𝑋 be a metric space and let S ⊆ 𝑋 be a subset. Define

𝐻.
/ 𝑆 = inf l

01,

2

diam 𝑈0 / : o
01,

2

𝑈0 ⊇ 𝑆, diam 𝑈0 < 𝛿

Then, a d-dimension Hausdorff measure is defined to be

𝐻/ 𝑆 ≔ lim
.→4

𝐻.
/ 𝑆



Hausdorff dimension

Note that for fixed subset 𝑆 ⊆ 𝑋, as the value of 𝑑 changes, the value of 

𝐻/(𝑆) is one of ∞(𝑑 < 𝛼), 0(𝑑 > 𝛼), 𝛼′(∈ 0,∞ )(𝑑 = 𝛼).

The Hausdorff dimension dim5 𝑆 ≔ inf 𝑑 ≥ 0 ∶ 𝐻/ 𝑆 = 0
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→ dim7(𝐼) = 1 → dim7(𝐼!) = 2



Cantor set



Cantor set

Let 𝐶4 = 0, 1 , 𝐶+6, =
,
(
𝐶+ + (

'
(
+ ,

(
𝐶+). Then Cantor set
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+14
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Note that each 𝐶+ has 2+ segments of length ,
(!

, and 𝐶 is uncountable 

set with length zero.



Hausdorff dimension of Cantor set
Let 𝑈&, $ be ith segment of 𝐶&. Then
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Hausdorff dimension of Cantor set

Since scaling Cantor set by the factor of 1/3 multiplies its size by 1/2, 

its Hausdorff dimension is log,/( 1/2 = log( 2.



Sierpiński triangle

… …

Note that the area of Sierpiński triangle is zero.



Hausdorff dimension of Sierpiński triangle

Likewise, since scaling Sierpiński triangle by the factor of 2 multiplies 

its size by 3, its Hausdorff dimension is log' 3.



Koch snowflake

It’s Hausdorff dimension is log( 4.



Bi-Lipschitz Invariant

For two metric spaces 𝑋, 𝑑8 , (𝑌, 𝑑9), a function 𝑓: 𝑋 → 𝑌 is called 

bi-Lipschitz if ∃𝐾 ≥ 1 s.t. ∀𝑥,, 𝑥' ∈ 𝑋,

1
𝐾
𝑑8(𝑥,, 𝑥') ≤ 𝑑9 𝑓 𝑥, , 𝑓 𝑥' ≤ 𝐾𝑑8(𝑥,, 𝑥')

Note that a bi-Lipschitz function is a topological embedding that maps 

(un)bounded set to (un)bounded set.



Bi-Lipschitz Invariant

(𝑋, 𝑑8) and (𝑌, 𝑑9) are bi-Lipschitz equivalent if ∃a bijective bi-

Lipschitz 𝑓: 𝑋 → 𝑌.

Thm. If 𝑋 and 𝑌 are bi-Lipschitz equivalent, then dim5 𝑋 = dim5 𝑌



Example

≅ ≅

While a circle has the Hausdorff dimension 1, Koch snowflake has 

log( 4, so they are not bi-Lipschitz equivalent.

→Hausdorff dimension can classify structures more minutely.



Summary



Dimension

As we saw in each area, in mathematics, one gives some “structure” on 

a set, and mathematicians want to classify all such things.

Here, “dimension” is a number that represents essential 

properties(freedom, complexity, etc.) of the spaces.



Thank you!


