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Basic Statistics
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Basic Statistics

1. t - distribution

Let X be a random variable. Then we say X ∼ tn if its pdf is
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, x ∈ R, n > 0

2. F - distribution

Let X be a random variable. Then we say X ∼ Fn1,n2 if its pdf is
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Basic Statistics

3. Basic Terms

Let (Ω,Y,P) be a probability space where Ω is the sample space, Y is a
σ-field on Ω, and P is a probability measure defined on Y.
Let X : Ω → X be a random variable (or random vector), where X ⊆ Rn

is the observation space.
Let P be a statistical model defined as a family of probability distributions
of X, parameterized by θ ∈ Θ, such that P = {Pθ : θ ∈ Θ}.

4.Hypothesis Test

Let Θ = Θ0
⊔
Θ1 be a measurable parameter space.

We test the null hypothesis H0 : θ ∈ Θ0 against the alternative hypothesis
H1 : θ ∈ Θ1.
A test procedure is typically defined by a rejection region R ⊂ X or a
measurable test function ϕ : X → [0, 1].
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Simple Linear Regression Model
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What is Regression?

Response variable(Dependent Variable): the outcome variable on
which comparisons are made (we usually denote response variable by
y .)

Explanatory variable(Independent variable): defines the groups to be
compared with respect to values on the response variable (we usually
denote explanatory variable by x .)

Example: Response/Explanatory

Blood alcohol level/number of beers consumed
Grade on test/Amount of study time
Yield of corn per bushel/Amount of rainfall

The main purpose of regression analysis with two variables is to
investigate whether there is an association and to describe that
association.

An association exists between two variables if a particular value for
one variable is more likely to occur with certain values of the other
variable.
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Simple Linear Regression Model

Data: (x1, y1), · · · , (xn, yn)
Model: yi = β0 + β1xi + ϵi , i = 1, · · · , n

xi : regressor or predictor variable or explanatory variable
yi : response variable
β0 : unknown intercept, β1 : unknown slope
ϵi : random error with mean 0 and variance σ2

Conventionally, we assume xi ’s are fixed constants and Yi ’s are
independent random variables.

Meaning of β0:

The predicted value for Y when x = 0
Helps in plotting the line
May not have any interpretative value if no observations had x values
near 0

Meaning of β1 : measures the change in the predicted variable(Y ) for
a 1 unit increase in the explanatory variable in x
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Simple Linear Regression Model

Data: (x1, y1), · · · , (xn, yn)
Model: Yi = β0 + β1xi + ϵi , i = 1, · · · , n

xi : regressor or predictor variable or explanatory variable
Yi : response variable
β0 : unknown intercept, β1 : unknown slope
ϵi : random error with mean 0 and variance σ2

Conventionally, we assume xi ’s are fixed constants and Yi ’s are
independent random variables.

Meaning of ϵ: The error variable. Due to this random error, the
response variable can be different even with the same x .

Meaning of σ2 : The error variance → magnitude of uncertainty.

Q. How to find regression line and estimate σ2?
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Simple Linear Regression Model

1. Least square estimation

Let L(β0, β1) =
∑n

i=1(yi − β0 − β1xi )
2 be a loss function.

The least squares estimators β̂0 and β̂1 that minimize L are given by:

β̂1 =

∑n
i=1(xi − x̄)(yi − ȳ)∑n

i=1(xi − x̄)2
, β̂0 = ȳ − β̂1x̄
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Simple Linear Regression Model

Residual: ei = yi − ŷi = yi − β̂0 − β̂1xi , i = 1, · · · , n
We can think residuals represent errors ϵi ’s because we have
ϵi = yi − β0 − β1xi from yi = β0 + β1xi + ϵi
Measures the size of the prediction errors, the vertical distance between
the point and the regression line.
Each observation has a residual by calculating yi − β̂0 − β̂1xi
A large residual indicates an unusual observation.

Property of residual:
n∑

i=1

ei = 0

Residual sum of squares:
n∑

i=1

e2i =
n∑

i=1

(yi − ŷi )
2 = SSE

⇒ In fact, the least square estimators of β0 and β1 are the minimizers
of SSE . For this reason, the regression line is also called as least
squares regression line.
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Simple Linear Regression Model

2. Point Estimator of σ2

σ̂2 =

∑n
i=1 e

2
i

n − 2
=

SSE

n − 2

where n − 2 is the degree of freedom, which makes σ̂2 is an unbiased
estimator of σ2.
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Simple Linear Regression Model

Coefficient of Determination R2

Total sum of squares:

SST =
n∑

i=1

(Yi − Ȳ )2

Decomposition of SST :

SST =
n∑

i=1

(Yi − Ȳ )2 =
n∑

i=1

(Yi − Ŷi )
2 +

n∑
i=1

(Ŷi − Ȳ )2 = SSE + SSR

SSE (Error Sum of Squares):
∑n

i=1(Yi − Ŷi )
2

SSR (Regression Sum of Squares):
∑n

i=1(Ŷi − Ȳ )2

Coefficient of Determination R2:

R2 =
SSR

SST
= 1− SSE

SST

Note that R2 = (r̂xy )
2.
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Simple Linear Regression Model

Interpretation of R2

0 ≤ R2 ≤ 1
the proportion of variability in the response that is accounted for by the
model.
A large value of R2 suggests that the model has been successful in
explaining the variability in the response.
A small value of R2 suggests that the model does not explain the
variability in the response. So we may think about alternative models.
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Simple Linear Regression Model

3. Distribution of β̂0 and β̂1 when ϵi ’s are normal.

β̂0 ∼ N

(
β0, σ

2

(
1

n
+

x̄2∑
(xi − x̄)2

))
, β̂1 ∼ N

(
β1,

σ2∑
(xi − x̄)2

)
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Simple Linear Regression Model

Testing Hypothesis

H0 : β0 = 0 versus H1 : β0 ̸= 0

Test statistic: t0 =
β̂0√

σ̂2( 1n + x̄2∑
(xi−x̄)2 )

=
β̂0

s.e.(β̂0)

Reject H0 if |t0| > tα/2,n−2

H0 : β1 = 0 versus H1 : β1 ̸= 0

Test statistic: t0 =
β̂1√
σ2∑

(xi−x̄)2

=
β̂1

s.e.(β̂1)

Reject H0 if |t0| > tα/2,n−2
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Simple Linear Regression Model

Confidence intervals (C.I.s) of parameters in simple linear regression

(1− α)× 100% C.I. for β0:

β̂0 − tα/2,n−2s.e.(β̂0) ≤ β0 ≤ β̂0 + tα/2,n−2s.e.(β̂0)

(1− α)× 100% C.I. for β1:

β̂1 − tα/2,n−2s.e.(β̂1) ≤ β1 ≤ β̂1 + tα/2,n−2s.e.(β̂1)

Now we estimated the β0 and β1. Next: How to predict yi?
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Simple Linear Regression Model

4. Distribution of ŷ0 and µ̂0

ŷ0 − y0 ∼ N

(
0, σ2

(
1 +

1

n
+

(x0 − x̄)2∑
(xi − x̄)2

))
µ̂0 − µ0 ∼ N

(
0, σ2

(
1

n
+

(x0 − x̄)2∑
(xi − x̄)2

))

5. Distribution of ŷ0 and µ̂0

(1− α)× 100% C.I. for y0:

ŷ0 − tα/2,n−2s.e.(ŷ0 − y0) ≤ y0 ≤ ŷ0 + tα/2,n−2s.e.(ŷ0 − y0)

(1− α)× 100% C.I. for µ0:

µ̂0 − tα/2,n−2s.e.(µ̂0 − µ0) ≤ µ0 ≤ µ̂0 + tα/2,n−2s.e.(µ̂0 − µ0)
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How to interpret the result?

We will use data mtcars.

Figure: mtcars information 1
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How to interpret the result?

We will use data mtcars.

Figure: mtcars information 2
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How to interpret the result?

Figure: mtcars information 3
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How to interpret the result?

Figure: mtcars Simple Linear Regression 1

하지운 (SKKU) Regression and its Applications 통계학과 22 / 75



How to interpret the result?

Figure: mtcars Simple Linear Regression 2

하지운 (SKKU) Regression and its Applications 통계학과 23 / 75



How to interpret the result?
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Multiple Linear Regression Model
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Multiple Linear Regression Model

Data: (x11, · · · , xp1, y1), · · · , (xn1, · · · , xpn, yn)
Model: yi = β0 + β1x1i + · · ·+ βpxpi + ϵi , i = 1, · · · , n

x1i , · · · , xpi : regressor or predictor variable or explanatory variable
(Assuming fixed constants)
yi : response variable
β0, · · · , βp : unknown regression coefficients
ϵi : random error with mean 0 and variance σ2

Interpretation of regression coefficients βj : The change of Y
corresponding to a unit change of Xj when other covariates are fixed.

하지운 (SKKU) Regression and its Applications 통계학과 26 / 75



Multiple Linear Regression Model

Y =

y1...
yn

 ,X =

1 x11 · · · xp1
...

... · · ·
...

1 x1n · · · xpn

 , β =

β0...
βp

 , ϵ =

ϵ1...
ϵn


Using this matrix notation, the multiple linear regression model can be
expressed in matrix form as Y = Xβ + ϵ.
Moreover, the loss function L, the square error loss function can be
expressed as

L = ∥Y − Xβ∥2 ⇒ X⊤(Y − Xβ)

and the normal equation is

(X⊤X)β = X⊤Y

Now the least square estimator for β is simply

β̂ = β̂LSE = (X⊤X)−1X⊤Y
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Multiple Linear Regression Model

1. Distribution of β̂

Given Y ∼ MVN(Xβ, σ2I ), σ2 > 0, then

β̂ ∼ MVN(β, σ2(X⊤X)−1)

pf)

E (β̂) = E ((X⊤X)−1X⊤Y) = (X⊤X)−1X⊤E (Y) = (X⊤X)−1X⊤Xβ = β

Var(β̂) = Var((X⊤X)−1X⊤Y) = (X⊤X)−1X⊤Var(Y)((X⊤X)−1X⊤)⊤

= σ2(X⊤X)−1X⊤X(X⊤X)−1 = σ2(X⊤X)−1
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Multiple Linear Regression Model

Residual: ei = yi − ŷi = yi − β̂0 − β̂1x1i − · · · − β̂pxpi , i = 1, · · · , n
With matrix notation,

e =

e1...
en

 = Y − Ŷ = Y − X(X⊤X)−1X⊤Y = (I − H)Y

Denote H = X(X⊤X)−1X⊤ as Hat Matrix.

Property of residual:
n∑

i=1

ei = 0

Residual sum of squares:

n∑
i=1

e2i =
n∑

i=1

(yi − ŷi )
2 = e⊤e = SSE
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Multiple Linear Regression Model

2. Lemma

Let H = X(X⊤X)−1X⊤. Then

1 HX = X

2 tr(H) = p + 1

3 rank (I − H) = tr(I − H) = n − p − 1 = df (degree of freedom)

3. Point estimator of σ2

σ̂2 =

∑n
i=1 e

2
i

df
=

SSE

n − p − 1
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Multiple Linear Regression Model

Multiple correlation coefficient

When we have only one predictor X1, the correlation between the
response variable Y and X1 is a good measure to see the strength of
overall linear relationship.
When we have multiple predictors X1, · · · ,Xp, we may need to see the
correlations of (Y ,X1), · · · , (Y ,Xp). This does not give a good
summary for the strength of overall linear relationship between Y and
the whole set of predictors.
A better way to see such strength is to consider the correlation of Y
and Ŷ . This correlation is called multiple correlation coefficient:

Corr(Y , Ŷ ) =

∑
(yi − ȳ)(ŷi − ȳ)√∑

(yi − ȳ)2
√∑

(ŷ − ȳ)2
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Multiple Linear Regression Model

Coefficient of Determination R2

Total sum of squares:

SST =
n∑

i=1

(Yi − Ȳ )2 = ∥Y − Ȳ ∥2

Decomposition of SST :

SST =
n∑

i=1

(Yi − Ȳ )2 =
n∑

i=1

(Yi − Ŷi )
2 +

n∑
i=1

(Ŷi − Ȳ )2 = SSE + SSR

SSE (Error Sum of Squares):
∑n

i=1(Yi − Ŷi )
2 = ∥Y − Ŷ ∥2

SSR (Regression Sum of Squares):
∑n

i=1(Ŷi − Ȳ )2 = ∥Ŷ − Ȳ ∥2

Coefficient of Determination R2:

R2 =
SSR

SST
= 1− SSE

SST

Note that R2 = (Corr(Y , Ŷ ))2.

하지운 (SKKU) Regression and its Applications 통계학과 32 / 75



Multiple Linear Regression Model

ANOVA table for regression model

Source of Sum of Degrees of

Variation squares Freedom Mean square F0

Regression SSR p SSR
p = MSR MSR

MSE

Error SSE n − p − 1 SSE
n−p−1 = MSE

Total SST n − 1

Distribution of F0:

F0 =
MSR

MSE
∼ Fp,n−p−1
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Example

Recall the data of mtcars.

Figure: mtcars Multiple Linear Regression 1
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Example

Figure: mtcars Multiple Linear Regression 2
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Example
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Example

Figure: mtcars Multiple Linear Regression 3
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Example
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Several Regression Models
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Ridge Regression Model

Let us consider β̂(λ) = (X⊤X +λI )−1X⊤Y instead of (X⊤X )−1X⊤Y

Ridge estimator: β̂(λ) = (X⊤X + λI )−1X⊤Y

Ridge trace: A graph λ versus β̂(λ)

If there is a big change around λ = 0, we may suspect
multicollinearity.

Using ridge trace, one can detect multicollinearity and choose the
ridge coefficient λ.

Ridge regression gives biased estimator unless λ = 0 but it can give
more accurate estimate for regression coefficients.
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Ridge Regression Model

The ridge regression added a penalty (L2 penalty):

β̂Ridge = argmin
β

1

n

n∑
i=1

(Yi − β⊤Xi )
2 + λ∥β∥22

where ∥β∥22 =
∑d

j=1 β
2
j . λ∥β∥22 is called the L2 penalty.
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LASSO Regression Model

One of the most famous penalized parametric regression model: it has
revolutionized the modern statistical research because of its attractive
properties.

β̂LASSO = argmin
β

1

n

n∑
i=1

(Yi − β⊤Xi )
2 + λ∥β∥1

where ∥β∥1 =
∑d

j=1 |βj |. λ∥β∥1 is called the L1 penalty.

If we normalized the covariates so that X⊤X = In, the LASSO
estimates can be written as

β̂LASSO,j = β̂LSE,j ×max{0, 1− nλ

|β̂LS,j |
}

for j = 1, · · · , n
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Logistic Regression Model

We use Logistic Regression Model if Y is a categorical r.v.

Let us define πi = P(Yi = 1|Xi ) =
exp(β0+β1Xi )

1+exp(β0+β1Xi )
.

Then the logistic model is nonlinear model where πi is the response
variable and Xi is the explanatory variable.

However, if you transform πi to log
(

πi
1−πi

)
, the model can be

expressed as a linear model. That is,

log

(
πi

1− πi

)
= β0 + β1X

This transformation is called logit transformation.

πi
1−πi

is often called odds and log
(

πi
1−πi

)
is called log odds.

Therefore, the logistic model is a linear regression model that
regresses log odds on X .
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Logistic Regression Model

The logistic regression provides a simple and elegant way to
characterize the function q(x) in a ‘linear’ way. First consider

odds(x) =
q(x)

1− q(x)
=

P(Y = 1 | X = x)

P(Y = 0 | X = x)
∈ [0,∞)

This is the odds that measures the contrast between the event Y = 1
versus Y = 0.
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Simple Logistic Regression

Let us consider a simple logistic regression model with a dummy
explanatory variable Xi .

log

(
πi

1− πi

)
= β0 + β1Xi

Interpretation of β1: Unlike the usual linear regression model, the
regression coefficient β1 does not have the straightforward
interpretation. However, we can make some valuable interpretation
using Odds.

하지운 (SKKU) Regression and its Applications 통계학과 45 / 75



Multiple Logistic Regression

Multiple Logistic regression model:

log

(
πi

1− πi

)
= β0 + β1X1i + · · ·+ βpXpi

or equivalently

πi =
exp(β0 + β1X1i + · · ·+ βpXpi )

1 + exp(β0 + β1X1i + · · ·+ βpXpi )

Estimation and other inference can be made similar to the simple
logistic regression model.

We can also make similar interpretation for regression coefficients
β1, . . . , βp to that of the simple logistic regression model.
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Multinomial Logistic Regression

What if the response variable has more than two outcome? → We
can not apply logistic regression.

Suppose that the response variable Y has three possible outcomes,
say 1, 2, 3, and X is an explanatory variable. Let πj(xi ) be the
probability that Y = j when X = xi , j = 1, 2, 3.

Multinomial Logistic Regression model:

log

(
πj(xi )

π3(xi )

)
= β0j + β1jxi , j = 1, 2

This is equivalent to

πj(xi ) =
exp(β0j + β1jxi )

1 + exp(β01 + β11xi ) + exp(β02 + β12xi )
, j = 1, 2
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Multinomial Logistic Regression

In general, when Y has k categories and there are p explanatory
variables, multinomial logistic regression model is

log

(
πj(xi )

πk(xi )

)
= β0j + β1jx1i + · · ·+ βpjxpi , j = 1, 2, . . . , (k − 1)

or

πj(xi ) =
exp(β0j + β1jxi )

1 +
∑k−1

j=1 exp(β0j + β1jxi )
, j = 1, 2, . . . , (k − 1)
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Theory of Statistics
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Advanced Statistics

We define regression model(E(Y |X )) as follows.

1 Data (Yi ,Xi ) are mutually indep.

{(Yi ,Xi ) : Yi ∈ R,Xi ∈ Rp, i = 1, · · · , n}

2 Purpose: inference of conditional probability distribution of f (y |x)
3 (Model 1) Yi |Xi ∼ f (y |x), i = 1, · · · , n,

P = {f (y |x) : y ∈ R, x ∈ Rp}
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Advanced Statistics

We define regression model(E(Y |X )) as follows.

1 Data (Yi ,Xi ) are mutually indep.

{(Yi ,Xi ) : Yi ∈ R,Xi ∈ Rp, i = 1, · · · , n}

2 Purpose: inference of conditional probability distribution of f (y |x)
3 (Model 2) Yi = g(Xi ) + ϵi , ϵi

iid∼ F , g : Rp → R,F : symmetric at 0.

P = {g : Rp → R} × {F : symmetric at 0}

P = {g : Rp → R} × {F = N(0, σ2) : σ > 0}
4 (Model 3; linear model)

Yi = X⊤
i β + ϵi , ϵi

iid∼ N(0, σ2), β ∈ Rp, σ2 > 0, i = 1, · · · , n,

Θ := {(β, σ2) : β ∈ Rp, σ > 0} P = {f (y |x) : y ∈ R, x ∈ Rp}
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Decision Theory

1 Let P := (X ,Y, (Pθ)θ∈Θ) be a model where (Pθ) is a collection of
distributions.

2 Let A be an Action space if it is a collection of all possible and
available actions. ex) In Hypothesis Testing, A = {H0,H1}.

3 Loss Function.
L : Θ×A → R+

The loss that we get when we choose action a ∈ A and the truth
value is θ ∈ Θ.
Ex) (Estimation) L(θ − a) = (θ − a)2 = ∥θ − a∥2 (quadratic loss)
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Decision Rule/Decision Procedure

1 Let δ be a decision rule if the action mapped to observation x .

δ : x → A

Ex) (Estimator) X = (x1, · · · , xn) 7→ X̄
Ex) (Test) X 7→ ϕ(x) = I (x ∈ C ) (rejecting probability), where C is a
rejection region.

Then δ(x) =

H0,

√
n

σ
(X̄ − θ0) > zα/2,

H1, o.w .

2 Let R(θ, δ) be a Risk function if

R(θ, δ) = EθL(θ, δ(x))

ex) (estimation) L(θ, δ) = (θ − δ)2,
R(θ, δ) = Eθ(θ − δ(x))2 = Varθδ(x) + (Eθδ(x)− θ)2
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Prediction

1 Best predictor under squared error.

2 We want to find the prediction function g(x) to minimize MSPE
= E(Y − g(X ))2

3 In other words, we want to find g∗ = argming∈G E(Y − g(X ))2,
where G : all function space.
Note that

1 To make it easier to find the predictor, we constrain G as linear
function.

2 Instead of squared error, we use other distance measure.
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Prediction

1. Optimization of Prediction

Let EY < ∞
EY = argminc E(Y − c)2

Cov(Y − E(Y |X ), g(X )) = 0,∀ g(x) ∈ L2

E(Y |X ) = argming(X )∈L2 E(Y − g(X ))2
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Prediction

2. Best Linear Predictor

Let EY < ∞,Var(X ),Var(X )−1 exist.

For X ∈ R,

b0X = argmin
bX ,b∈R

E(Y − bX )2, b0 =
EXY
EX 2

For X ∈ R,

a1 + b1X = argmin
a+bX ,a,b∈R

E(Y − (a+ bX ))2,

b1 =
Cov(X ,Y )

Var(X )
, a1 = EY − b1EX
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Prediction

2. Best Linear Predictor

Let EY < ∞,Var(X ),Var(X )−1 exist.

For X ∈ Rk ,

µL(X ) = argmin
µ(X )=µY+(X−µX )⊤β

E(Y − µ(X ))2,

µL(X ) = µY + (X − µX )
⊤β, β = Σ−1

XXσXY

3. Multiple Correlation Coefficient

ρXY = Corr(Y , µL(X )) =

√
σYXΣ

−1
XXσXY

σ2
Y

R2 = ρ2XY =
Var(E[Y |X ])

Var(Y )
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Example (Multivariate Normal Distribution)

Let Y ∈ R,X ∈ Rp and(
Y

X

)
∼ N

((
µY

µX

)
,

(
σ2
Y σYX

σXY σ2
X

))
Then, [Y |X = x ] = N(µY + σYXΣ

−1
XX (x − µX ), σ

2
Y − σYXΣ

−1
XXσXY )

Note that

E[Y |X = x ] = µY + (x − µX )
⊤Σ−1

XXσXY = µY + (x − µX )
⊤β

β = Σ−1
XXσXY : Regression coefficient.

Minimum of MSE:

E((Y − E(Y |X ))2) = E(Var(Y |X )) = σ2
Y − σYXΣ

−1
XXσXY

Multiple Corr. Coeffi. or Coeffi. of Determination:

R2 =
Var(E[Y |X ])

Var(Y )
=

σYXΣ
−1
XXσXY

σ2
Y
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Applications
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Times Series Data Analysis

Time Series is a collection of observations recorded sequentially in
time.

Each observation is a r.v., which can be either univariate (i.e., scalar,
int, float) or multivariate (i.e., vector).

The primary objective of time-series modeling is to develop
mathematical models that provide plausible descriptions for the
observed data.

Past observations often contain useful information about future values.
Time-series models explicitly represent temporal dependence.

There are two representative classical time-series models: AR and
MA.

Modern AI models do not explicitly use AR or MA equations.
However, ARMA models are still useful because they are simple, fast,
and interpretable.
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Autoregressive (AR) Model

Autoregressive (AR) model assumes that the current xt can be
explained as a function of p past values.

p is the number of steps needed to forecast the current value.
p is sometimes referred to as the window size.

AR(p) models the current value as a linear function of past values:

xt = ϕ1xt−1 + ϕ2xt−2 + ϕ3xt−3 + · · ·+ ϕpxt−p + ϵt , ϵt ∼ N (0, σ2
ϵ )

The model is called auto because it relies on its own data.
The model is called regression because it predicts the value directly.
We assume ϵt is zero-mean i.i.d. normal RV (i.e., white noise).

AR is useful when the present tends to continue patterns from the
recent past.

AR model is inherently generative and can recursively predict future
values.
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Example: AR(1) Model

AR(1) model is the simplest:

xt = ϕxt−1 + ϵt

AR is a recursive structure.
ϕ = 0: pure noise (unpredictable)
0 < ϕ < 1: decaying memory
ϕ ≈ 1: very strong persistence

Intuitively, the current value is partially explained by previous
value(s), together with unexpected shocks (innovations).
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Moving Average (MA) Model

Moving Average (MA) model assumes that the current value
depends on the current and previous q noise (shock) terms.

MA(q) models the current value as a linear function of recent shocks:

xt = ϵt + θ1ϵt−1 + θ2ϵt−2 + · · ·+ θqϵt−q

Short-term memory: only the most recent q noise terms matter.
In other words, the effect of the noise lasts for q timesteps.
There is no direct dependence on past observed values (xt−1, xt−2, . . . ).
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Example: MA(1) Model

MA(1) model is the simplest:

xt = ϵt + θϵt−1

MA is a finite-memory structure.
θ = 0: pure noise
Small |θ|: weak carryover of the previous shock.
Large |θ|: strong short-term shock propagation.
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ARMA Model

AR and MA capture different kinds of temporal structure.

AR: dependence on past observed values
MA: dependence on recent noise terms

AR is good for smooth continuation (i.e., inertia).

MA is good for short-lived transient effects.

ARMA(p,q) describes many real-world sequences that show both
long persistence and short-lived effects, and is more flexible than AR
or MA alone.

xt =

p∑
k=1

ϕkxt−k︸ ︷︷ ︸
AR(p)

+ϵt +

q∑
k=1

θkϵt−k︸ ︷︷ ︸
MA(q)
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Order Selection in ARMA

Choosing appropriate orders p and q is important in ARMA modeling.

Effect of model order:

Larger p: looks further back into past values.
Larger q: retains the effects of shocks for more timesteps.
Smaller p, q: simpler but may miss important temporal structure.

Model complexity trade-off:

Underfitting: p and q are too small - model cannot explain the data
well.
Overfitting: p and q are too large - model fits noise rather than the
actual trend.
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ARIMA Model

ARMA usually works best when X is approximately stationary.

Stationary sequence: constant mean and variance over time.
However, many real-world sequences are not stationary.

ARIMA model instead applies ARMA to the differenced sequence
(∆).

yt = ∆xt = xt − xt−1

ARIMA = Autoregressive + Integrated (differencing) + Moving
Average
The ”integrated” part refers to reversing differencing after prediction.
After modeling the differenced sequence, we can reconstruct the
original sequence by cumulative summation, given an initial value x0.

xt = x0 +
t∑

k=1

yk
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Conclusion

AR(I)MA model is useful but we need some useful techniques such as
filtering, smoothing and so on.

We can use Deep Learning Model (ex: CNN, RNN) with using time
series.

These techniques are useful when analyzing image, voice, etc.
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Machine Learning

In Machine Learning, regression model is used for supervised tasks.

Supervised tasks are data situations where learning the functional
relationship between inputs (features) and output (target) is useful.

The two most basic tasks are regression and classification, depending
on whether the target is numerical or categorical.
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Machine Learning: Classification Basics

In regression, the target variable y is continuous (y ∈ R).
In classification, the target variable y is discrete.

Binary classification: y ∈ {0, 1} or {−1, 1}
Multiclass classification: y ∈ {1, 2, . . . ,K}

Goal: Given a feature vector x ∈ RD , predict the class label y .

We want to find a mapping function (or decision rule)
f : RD → {1, . . . ,K}.

From a probabilistic perspective, we want to estimate the conditional
probability P(y | x).
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Two Approaches to Classification

Discriminative Models
Directly estimate the conditional probability P(y | x).
Learn the decision boundary between classes.
Examples: Logistic Regression, Support Vector Machines (SVM),
Neural Networks.

Generative Models
Estimate the class-conditional density P(x | y) and the prior P(y).
Use Bayes’ rule to compute the posterior P(y | x):

P(y | x) = P(x | y)P(y)
P(x)

Can generate new data points from the learned distribution.
Examples: Naive Bayes, Gaussian Discriminant Analysis (GDA).
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Logistic Regression in ML: Cross-Entropy Loss

Logistic regression is a discriminative model.

It models the probability of class 1 as:

ŷ = P(y = 1 | x;w) = σ(w⊤x) =
1

1 + exp(−w⊤x)

In ML, we estimate parameters w by minimizing a Loss Function.

Negative Log-Likelihood (NLL) / Cross-Entropy Loss:

L(w) = −
N∑
i=1

[yi log(ŷi ) + (1− yi ) log(1− ŷi )]

If yi = 1, we want ŷi ≈ 1 =⇒ loss ≈ 0.
If yi = 0, we want ŷi ≈ 0 =⇒ loss ≈ 0.
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Optimization: Gradient Descent

Unlike Linear Regression, Logistic Regression has no closed-form
solution for w (due to the non-linear sigmoid function).

We must use iterative optimization algorithms like Gradient
Descent.

Update Rule:
w(t+1) = w(t) − η∇L(w(t))

η > 0 is the learning rate (step size).
∇L(w) is the gradient of the loss function with respect to w.

The gradient for Logistic Regression with Cross-Entropy loss is
elegantly simple:

∇L(w) =
N∑
i=1

(ŷi − yi )xi
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Thank you!
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